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Abstract. For exact (i.e., non-paraxial) waves Á representing freely propa-
gating Gaussian beams in two and three dimensions, the patterns of phase
singularities, that is zeros of Á, are studied in detail. The zeros (points in two
dimensions, and rings in three) are phase dislocations (optical vortices). The
waves depend on a single parameter L, representing the radius of the waist of
the beam. As L increases, pairs of dislocations interact and depart from the focal
plane. Each such interaction comprises three events where the phase topology of
Á changes; each event is a reaction between the dislocations and associated
phase saddles, conserving two topological quantum numbers. The same behav-
iour was predicted and observed by Karman et al. for beams truncated by
apertures. The geometrical sensitivity of the wave to L is astonishing: changes
in phase topology can occur when the waist expands by a few thousandths of a
wavelength. The integral representing Á is evaluated asymptotically, leading to
a global explanation of the dislocations and topological events in terms of
interference between complex and di� racted rays. Locally, all details of the
topological changes can be captured by a local model, constructed using a
classi®cation devised by Nye.

1. Introduction

Several recent papers [1±3] reported the theoretical prediction and experi-
mental discovery of remarkably rich phase dislocation structures in and near the
focal plane of Gaussian beams truncated by apertures. The dislocations are rings:
line zeros of the complex scalar wave representing the light. Around these lines,
the phase changes by an integer multiple (typically §1) of 2p, so the wave fronts
(surfaces of constant phase modulo 2p) are singular [4]. As the size of the aperture
is varied, the dislocations change their topology, by splitting into three and
annihilating in pairs. Nye [5] has devised local models of these events, in terms
of an ingenious classi®cation scheme reminiscent of catastrophe theory.

Here I shall show that the same patterns of singularities occur in a light ®eld
describing pure Gaussian beams (in two and three dimensions) that are not
stopped by an aperture. These are exactÐthat is, not paraxialÐsolutions of the
wave equation for light of wavelength ¶ = 2p/k. The Gaussian beams depend on a
single dimensionless parameter L, namely the radius of the waist of the beam,
measured in units of 1/k. As L changes, the pattern of singularities can change very
rapidly. In particular, the sequence of topological events corresponding to the
dislocation reactions takes place when the beam radius changes by a few thou-
sandths of a wavelength. Even for ®xed L the waves can possess topologically
interesting structure on scales much smaller than a wavelength. Karman et al. [2]
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pointed out that, since the beams are superpositions of realÐthat is propagating,
rather than evanescentÐwaves, this ®ne detail is an example of superoscillation,
that is of functions varying faster than their fastest Fourier component [6]. All the
dislocations are of edge type and therefore di� erent from the screw dislocations
observed along the axes of Gauss±Laguerre beams [7±9]

Several levels of analytical description are possible for these waves. The
integrals that represent them can be evaluated asymptotically in the focal plane,
leading to a global picture of the dislocation patterns for all L in terms of the
interference of complex geometrical rays and marginally evanescent di� racted
rays. For small L, the dislocations form concentric rings in the focal plane, all with
the same sign. As L increases, the dislocations split o� from the focal plane in
pairs, starting with the innermost. Locally, the dislocation reactions involved in
each splitting can be analyzed in detail, in a slightly modi®ed application of Nye’s
[5] scheme. There are three critical events:

(a) interaction of one of a pair of dislocations in the focal plane with a phase
saddle that acts as a catalyst, enabling this dislocation to switch sign while
spawning two satellites that move away from the focal plane;

(b) collision and separation of two saddles;
(c) annihilation of the sign-switched dislocation, along with two saddles, with

the other dislocation in the original pair.

Earlier [6], I studied di� erent representations of non-paraxial Gaussian beams.
Those too were exact and non-singular solutions of the wave equation and also
possessed dislocations (but con®ned to the focal plane, and not interacting).
However, they were physically unsatisfactory because they included weak waves
travelling backwards from in®nity as well as the main beam travelling forwards.
This feature is avoided in the new beams, which are formally similar to those
devised by Karman et al. [2] and Beijersbergen [3], albeit di� erently interpreted.

2. Phase singularities and their two quantum numbers

Let the wave be represented by a complex scalar ®eld

Á…r† ˆ »…r† exp ‰iÀ…r†Š …1†

with modulus » and phase À. In two dimensions, the amplitude of a wave polarized
perpendicular to the plane satis®es

r2
Á ‡ k2

Á ˆ 0: …2†

In three dimensions, solutions Á of the same equation could represent a scalar
approximation, in which polarization is neglected, or, exactly, a Cartesian com-
ponent of the electromagnetic wave (whose state of polarization will depend on
position, causing the dislocations to be decorated with disclinations [10±12] that
will not be discussed further). Another possibility, discussed later, is a three-
dimensional (3D) wave linearly polarized azimuthally with respect to the propaga-
tion direction, where Á satis®es an equation similar to (2).

At a dislocation, Á = 0. In local coordinates ¹, ², with the sense of the
dislocation line de®ned to be along the positive ± axis, the wave has the form

Á ˆ a¹ ‡ b² ‡ ¢ ¢ ¢ : …3†
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Here a ˆ a1 ‡ ia2 and b ˆ b1 ‡ ib2 are complex constants, and the dislocation is
assumed nondegenerate. The sign of the dislocation, de®ned as §1 if the phase
increases or decreases by 2p during a positive circuit in the ¹±² plane, is

S ˆ 1

2p

‡
dÀ…r†

ˆ sgn det
a1 a2

b1 b2

ˆ sgn Im a ¤ b: …4†

This can be written in invariant form as

S ˆ sgn Im HÁ
¤ £ HÁ ¢ n; …5†

where n is the unit vector along the dislocation.
S is a topological quantum number, whose sum for all the dislocations involved

in an interaction must be conserved. Independent of S is a second topological
quantum number T that must also be conserved. This is the PoincareÂ index,
de®ned on a surface as the signed number of times that the phase lines rotate in the
direction in which the circuit is traversed. T is +1 for all non-degenerate
dislocations (and also for phase extrema which, however, do not occur in the
waves studied here), and ¡1 for phase saddles. As Nye pointed out [5], S depends
on the phase labels associated with the wave fronts, while T depends only on the
pattern of wave fronts and not on their labels. Conservation of S and T puts strong
restrictions on dislocation reactions. For example [13], when two dislocations with
opposite signs annihilate, they must be accompanied by two saddles that also
disappear in the event. At a phase saddle,

HÀ ˆ H Im log Á ˆ 0; that is Im Á
¤

HÁ ˆ 0: …6†

This simply states that phase saddles are stagnation points of the local current
(Poynting vector).

For our Gaussian beams, we choose the propagation direction as the positive z
axis, and the focal plane as z = 0. In this plane, the above relations for dislocations
and phase saddles simplify, because the waves possess symmetry:

Á…x; y; ¡z† ˆ Á
¤…x; y; z†: …7†

Therefore Á is real in the focal plane. Moreover, Á is symmetric about the z axis.
From these facts, and de®ning the convenient functions

f …x† ² Á…x; 0; 0†; g…x† ² Im @zÁ…x; 0; 0†; …8†

it is easy to ®nd the following conditions from equations (6) and (5)

dislocations in the focal plane : f…x† ˆ 0; …9 a†

saddles in the focal plane : g…x† ˆ 0; …9 b†

sign of a dislocation in the focal plane : S ˆ ¡sgn f
0…x†g…x†: …9 c†
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3. Non-paraxial Gaussian beams in two and three dimensions

It is convenient to work with waves in two dimensions x, z, but corresponding
formulae for waves in three dimensions will also be given, and will later be shown
to possess exactly the same structure of dislocations and dislocation reactions. Of
course in two dimensions the dislocations are points in the plane, whereas in three
dimensions they are rings centred on the z axis. Moreover, the analogue of the
focal plane is the line x = 0, but for convenience we shall still refer to this as the
focal plane. Henceforth we set k = 1, which is equivalent to measuring all lengths
in units of 1/k = ¶/2p.

We seek a wave that is a smooth function of position in the whole unobstructed
space, propagating in from z = ¡1 and out to z = ‡1, with its waist in the focal
plane z = 0. Any such two-dimensional wave (2D) can be written as the super-
position of non-evanescent plane waves:

Á2…x; z† ˆ
…

1

¡1
dK a…K† exp ‰i…Kx ‡ z

���������������
1 ¡ K2

p
†Š …10†

(evanescent waves, with |K| > 1 and the square roots chosen so that these waves
decay as |z| ! 1, are excluded because they would make HÁ discontinuous across
the focal plane). In de®ning non-paraxial Gaussian beams, we note ®rst that it is
not possible to satisfy the condition that Á2 is exactly Gaussian in the focal plane,
because this is incompatible with the integration limits |K| = 1. Therefore we
impose the weaker requirement that the amplitude a(K) of the component with
transverse wavevector K must be chosen so that Á2 reduces to the familiar
Gaussian beam (which has no dislocations) in the paraxial approximation, where���������������

1 ¡ K2
p

is replaced by 1 ¡ K2=2 and the integration is extended to the whole real
K axis. This de®nes the class of nonparaxial Gaussian beams.

We choose what seems to be the simplest member of the class: a Gaussian
bundle of plane waves, truncated at |K| = 1. Thus

Á2…x; z† ‡ L���
p

p
…

1

¡1
dK exp …¡ 1

2 K2L2† exp ‰i…Kx ‡ z
���������������
1 ¡ K2

p
†Š: …11†

If the integration range were the whole real line, this choice would give an exactly
Gaussian pro®le in the focal plane, with L corresponding to the exponential
intensity 1/e radius of the beam waist. I have examined several related choices,
in which, for example the bundle of plane waves is Gaussian in angle (sin

¡1K)
rather than the transverse wave-vector component K, or where the sharp cut-o� of
the Gaussian at K = 1 is softened by replacing K2L2 by a function such as
K2L2…1 ¡ K2†. All lead to dislocation patterns very similar to the one that we
shall explore.

The simplest 3-D solution of equation (2) analogous to equation (11) is

Á3;i…r; z† ˆ L2

…
1

0
dK K exp …¡ 1

2 K2L2† J0…Kr† exp …iz
���������������
1 ¡ K2

p
†; …12†

where r ˆ
���������������
x2 ‡ y2

p
). Paraxially, and after some rescaling, this is identical to an

integral studied by Karman et al. [2], representing the Gaussian beam focused by a
lens of ®nite aperture. It should be emphasized, however, that here equations (11)
and (12) are regarded as freely propagating Gaussian beams, not truncated by any
apertureÐalthough in a formal sense the e� ects of the truncation at the limit of
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evanescence K = 1 resemble those of an aperture. A related wave is the exact
amplitude for light linearly polarized azimuthally; a little calculation shows that
the azimuthal electric ®eld is rÁ3;ii

…r; z†, where

Á3;ii…r; z† ˆ L4

r

…
1

0
dK K2 exp …¡ 1

2 K2L2† J1…Kr† exp …iz
���������������
1 ¡ K2

p
† …13†

(the Cartesian components of this ®eld vanish smoothly on the axis z = 0, where
there is a disclination). I shall not give detailed discussions of the waves Á3;i and

Á3;ii, or other 3D waves, because their dislocation structure is identical with that of
equation (11).

4. Global singularity structure

For the 2D wave Á2 de®ned by equation (11), the focal plane functions f and g
in equation (8) are

f2…x† ˆ L

���
2

p

r …
1

0

dK exp …¡ 1
2 K2L2† cos …Kx†;

g2…x† ˆ L

���
2

p

r …
1

0
dK

���������������
1 ¡ K2

p
exp …¡ 1

2 K2L2† cos …Kx†:

…14†

Figure 1 illustrates the behaviour of f and g. For small x they are approximately
Gaussian, and for larger x they oscillate. The zeros of f are dislocations in the focal
plane and are interlaced with the zeros of g, which are phase saddles. From
equation (9 c), the interlacing property implies that all the dislocations have the
same sign (S = +1 for x>0 and S = ¡1 for x < 0). As L increases, the region of x
where f is Gaussian grows, and successive pairs of zeros disappear, as shown in
®gure 2.

As recognized by Karman et al. [2], the disappearances of zeros cannot
represent a simple annihilation of dislocations, because this would violate the
conservation of S. In fact, the dislocations move away from the focal plane in pairs.
Figures 3 …a† and 3 …c† show the wave fronts and intensity contours before and after
the ®rst pair has departed. Figures 3 …b† and 3 …d† show the lines of local current
(Poynting vector), parallel to HÁ; this way of representing phase emphasizes the
vortices at the dislocations and the stagnation points at the phase saddles.
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Figure 1. The functions f (ÐÐ) and g (- - - -), de®ned in equations (14), for the 2D
Gaussian beam Á2, for L ˆ 1. Dislocations in the focal plane lie at the zeros of f ,
and phase saddles lie at the zeros of g.
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Figure 2. Dislocation tracks in the focal plane, as the beam waist L increases, for the 2D
Gaussian beam Á2.

Figure 3. (a), (c) Wave fronts (contours of À mod 2p) of the 2D Gaussian beam Á2

(ÐÐ) at intervals of ¢À ˆ p=8, and contours of modulus jÁj (- - -), with phase
saddles marked with dots. (b), (d) lines of energy ¯ow (proportional to HÀ). In (a),
(b), L ˆ 2; in (c), (d), L ˆ 2:5.



Dislocations leave the focal plane in a process that can be analyzed into three

events, illustrated in ®gure 4. We shall refer to the dislocation with smallest x, in
the focal plane, as the `lower’ dislocation, and its neighbour, with the second

smallest value of x, as the `upper’ dislocation. Similarly, the `lower’ saddle lies
between the lower and upper dislocations, and the `upper’ saddle is above the

upper dislocation. In event a, at L = La, the lower saddle passes through the upper
dislocation, that is f…xa† ˆ g…xa† ˆ 0; from equation (9 c), this converts the sign of

the dislocation to S = ¡1. Conservation of S requires the creation of two new
dislocations, with S = +1, and these move away from the focal plane. Conserva-

tion of T requires that the newly born dislocations are accompanied by two
saddles. In event b, at L ˆ Lb, the lower saddle, that has catalysed the sign switch

of the upper dislocation, collides with the upper saddle; the two zeros of g
annihilate, that is g…xb† ˆ g

0…xb† ˆ 0, but because of the conservation of T the

saddles cannot disappear; they move away from the focal plane. In event c, at
L ˆ Lc, the two lowest zeros of f coalesce, that is f …xc† ˆ f

0…xc† ˆ 0, in an

annihilation event with the lower dislocation (with S = +1) and the upper
dislocation (now with S = ¡1) disappearing along with the two saddles that

were created in event a.
The ®rst row of table 1 lists the values of L and x for these three events. Note

how close the three L values are. The interval Lc ¡ La = 0.067, over which all the
changes in topology occur, corresponds to a change in the radius of the beam of

only (Lc ¡ La)/2p = 0.011 wavelengths. For the interval Lc ¡ Lb= 0.0068 between
the collision of the two saddles and the ®nal annihilation, the change in radius is

only 0.001 wavelengths.

The outcome of these events is that the upper and lower dislocations and
saddles have, in e� ect, moved away from the focal plane, leaving the next pair of
focal plane dislocations exposed to su� er the same fate for a series of larger values

of La, Lb and Lc, listed in the fourth row of table 1. As L is further increased, the

process repeats inde®nitely.
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the topology of the phase ®eld changes as the ®rst pair of dislocations leaves the
focal plane.



To describe the events analytically, we evaluate the integrals (14) asymptoti-
cally, for large L. Contributions come from the saddle point at x = i/L2, repre-
senting a complex geometrical ray piercing the focal plane, and the end-point at
x = 1, representing two marginally evanescent di� racted rays (one from each
exponential in the cosine) travelling in the focal plane. The contributions can be
separated by transforming the integration over the range (0; 1) to two integrals,
over the ranges (0, 1) and (1, 1). Standard techniques [14, 15] lead to

f2…x† º exp ¡ x2

2L2
¡

���
2

p

r
L exp …¡L2=2†����������������

L4 ‡ x2
p cos x ‡ tan

¡1 x

L2 ;

g2…x†���������������������
1 ‡ x2=L4

p º exp ¡ x2

2L2
¡ L3 exp …¡L2=2†

…L4 ‡ x2†5=4
sin x ‡ 3

2 tan
¡1 x

L2 :

…15†

In ®gure 5, these approximations are compared with the exact f2 and g2.
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Figure 5. Comparison of (a) f and (b) g with the approximations (15), for L ˆ 2.

Table 1. Beam widths L and positions x corresponding to topological transformations of
2D and 3D Gaussian beams, as the ®rst (m = 1) and second (m = 2) pair of
dislocations leave the focal plane.

La Lb Lc xa xb xc

2D, m ˆ 1, exact Á2
…11† 2.0876 2.1478 2.1546 6.6776 7.3049 6.2832

2D, m ˆ 1, approximation (15) 2.063 2.119 2.137 6.619 7.226 6.208
2D, m ˆ 1, approximation (18) 2.081 2.142 2.140 6.768 7.461 6.283

2D, m ˆ 2, exact Á2 (11) 3.1612 3.1985 3.2441 13.0684 13.6506 12.5668
2D, m ˆ 2, approximation (15) 3.152 3.187 3.238 13.036 13.604 12.528
2D, m ˆ 2, approximation (18) 3.154 3.190 3.237 13.144 13.745 12.566

3D, m ˆ 1, Á3;i 2.2180 2.2700 2.2923 7.4395 8.0276 7.0156
3D, m ˆ 1, Á3;ii 2.4507 2.4918 2.5367 8.8913 9.4206 8.4172



The ®rst term in each of the formulae (15) is the Gaussian arising from the
saddle point, and the second term is the oscillations from the end points.
Comparison of the two exponentials shows that the oscillations dominate when
x > L2; this is the region where the dislocations and phase saddles lie. Asympto-
tically, the positions of these singularities are

dislocations: x º np

phase saddles: x º …n ‡ 1
4
†p

)
…x ¾ L2†: …16†

As the second and ®fth rows of table 1 show, the approximations (15)
reproduce, to an accuracy of a few per cent, the critical values La, Lb and Lc

described above. A further simpli®cation is possible, since the singularities
involved in the corresponding events lie at positions x close to L, so in order to
calculate the critical L and x values it is legitimate to write

x ˆ L2 ‡ ¹; ¹ ½ L2
: …17†

The approximations (15) can now be simpli®ed:

f2…x† º exp ¡ L2

2
exp …¡¹† ¡ 1

L
���
p

p cos …L2 ‡ ¹ ‡ 1
4 p† ;

g2…x† º
���
2

p
exp ¡ L2

2
exp …¡¹† ¡ 1

L225=4
sin …L2 ‡ ¹ ‡ 3

8 p† :

…18†

Algebra leads to

xa º …2m ¡ 1
4
†p ‡ tan

¡1 25=4
�������
2m

p

sin …3
8 p†

¡ cot …3
8 p†

³ !

;

La º �����
xa

p ‡ 1

2
�����
xa

p log
cos …xa ‡ 1

4 p†

p
�������
2m

p ;

xb º …2m ‡ 3
8
†p;

Lb º
�������������������
…2m ‡ 3

8 p
q

¡ 1

2

���������������������
…2m ‡ 3

8
†p

q log ‰27=4…2m ‡ 3
8
†pŠ;

xc º 2mº;

Lc º
���������
2mº

p
¡ 1

2
���������
2pm

p log …2p
����
m

p
† …m ˆ 1; 2; . . .†:

…19†

The values calculated from these formulae are shown in the third and sixth rows of
table 1. For m = 1, the magnitudes are approximately correct but the events b and
c occur in the wrong order. For m = 2, all the values are very accurate.

A simple summary of the results of this analytical theory is as follows.
Dislocations arise from interference between marginally evanescent waves travel-
ling towards and away from the beam axis, and the dislocation reactions result
from the interference of these waves with the complex Gaussian ray. The set of
events corresponding to the mth pair of dislocations leaving the focal plane occurs
near ¹ = 2mp, for a beam radius near L =

���������
2mp

p
, over a range given (for large m)

by ¢L º ‰log …m†Š=…2
���������
2pm

p
). The range is very small, as expected for a super-
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oscillatory phenomenon [6, 16]. Consistent with this, the amplitude of the wave in
the vicinity of these events is small too: exp (¡L2=2† º exp …¡mp).

For the 3D waves (12) and (13), the behaviour of the dislocations is very similar
to that for the 2D wave (11) that we have been dicussing in detail. This is
illustrated by ®gure 6 (to be compared with ®gure 2), which shows the tracks of
dislocations in the focal plane, and the last two rows of table 1, which lists the
critical values of the ®rst set of events.

5. Local singularity structure
To obtain a local model reproducing the transition illustrated in ®gure 3,

incorporating the three events described in the previous section and illustrated in
®gure 4, we employ Nye’s [5] classi®cation of exact solutions of equation (2). This
is in terms of modulations F(x, z) of a wave travelling in the z direction, that is
(with k = 1)

Ámodel…x; z† ˆ F…x; z† exp …iz†: …20†

In the present application, x is a local coordinate in the focal plane. The
functions F are polynomials, listed according to their highest power of x. The ®rst
few are

F0 ˆ 1; F1 ˆ x; F2 ˆ x2 ‡ iz;

F3 ˆ 1
3 x3 ‡ izx; F4 ˆ 1

6 x4 ¡ 1
2 z2 ‡ iz…x2 ¡ 1

2
†:

…21†
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Figure 6. As ®gure 2, for the 3D Gaussian beams (a) Á3;i and (b) Á3;ii.



Any superposition of these functions, with arbitrary complex constants, is a
solution of equation (2); to guarantee the symmetry (7), the constants must be real.

The functions f and g de®ned by equation (8) are

f…x† ˆ F…x; 0†; g…x† ˆ F…x; 0† ‡ Im @zF…x; 0†: …22†

To reproduce the sequence in ®gure 4, f and g must each have a single minimum,
and the minima must be separated by an intersection where the curves have
opposite slopes. This cannot be achieved with any superposition with the modula-
tion F2 or F3 in equation (21) as its highest member; it is necessary to include at
least F4. It is not necessary to include F3, since this can be eliminated by shifting
the origin of ¹. Nye [4] examined the case where Á is even in x, but this is
unnecessary; indeed, the sequence that he studied in detail does not include the
event b, where two phase saddles leave the focal plane. A simpler choice is

F ˆ F4 ‡ BF1 ‡ AF0 ˆ 1
6 x4 ¡ 1

2 z2 ‡ Bx ‡ A ‡ iz…x2 ¡ 1
2
†; …23†

where A and B are positive. Thus

f…x† ˆ 1
6 x4 ‡ Bx ‡ A; g…x† ˆ 1

6 x4 ‡ Bx ‡ A ‡ x2 ¡ 1
2 : …24†

We wish f and g each to have one minimum rather than two; obviously these
must have x negative. Each of the events a, b and c corresponds to a locus in A, B
space. Consider ®rst event a, where f and g are both zero. For f and g to coincide
between their minima, ¹ = ¡1/

���
2

p
. For this coincidence to be a zero of f and g,

A ˆ 1���
2

p B ¡ 1

24
: …25†

Now consider event c, where f = 0 at its minimum. The minimum lies at
x ˆ ¡…3

2 B†1=3
: It is also a zero if

A ˆ 1
2
…3
2 B†4=3

: …26†

At event b, g = 0 at its minimum; the locus can be found as the solution of a cubic
equation and is most easily determined numerically. Choosing B = 1, we obtain,
for the A values of the three events,

Aa ˆ 1���
2

p ¡ 1

24
ˆ 0:665 44;

Ab ˆ 0:740 99; Ac ˆ 1
2
…3
2
†4=3 ˆ 0:858 54:

…27†

Figure 7 shows the wave fronts of Ámodel for a series of values of A. The three
events can be seen at Aa (®gure 7 (b)), Ab (®gure 7 (d)) and Ac (®gure 7 ( f )). They
occur exactly as described in the previous section and as observed by Karman et al.
[1, 2]. I have performed similar calculations with the integrals for Á2, Á3;i and Á3;ii,
and con®rmed that the same local transformations of wave fronts occur.

Abandoning the requirement that event b occurs between events a and c, we
can choose

A ˆ 1
8 ; B ˆ 1

3
���
2

p …28†
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Figure 7. Wave fronts (ÐÐ) and contours of modulus (- - -), with phase saddles
marked by dots and the signs of dislocations (direction of increasing phase) marked
with arrows, for the model wave Ámodel (equations (20) and (23) with B ˆ 1), for (a)
A ˆ 0:5, (b) A ˆ Aa ˆ 0:665 44, (c) A ˆ 0:7, (d) A ˆ Ab ˆ 0:740 99, (e) A ˆ 0:8, (f)
A ˆ Ac ˆ 0:858 54 and (g) A ˆ 1.



and make events a and c coincide in a `supersingularity’. This is a dislocation of
strength 2, also mentioned by Nye [5] (and, incidentally, disproving our old
conjecture [4] that multiple edge dislocations do not exist).

6. Concluding remarks

It might be di� cult to generate the non-paraxial, freely propagating beams
experimentally. I cannot think of a simple way. Nevertheless, it seems worthwhile
to present these calculations, for several reasons.

First, to demonstrate that the same dislocation topologies as are generated with
an aperture [1±3] can also, in principle, be produced (non-paraxially) without an
aperture.

Second, to emphasize that an essential feature in the production of phase
dislocations is interference. For the non-paraxial Gaussian beams that I have
described, the interference is between a complex ray and marginally evanescent
waves. This interpretation holds in two and three dimensions, apparently inde-
pendently of exactly what vector wave the complex scalar amplitude represents,
and explains why the same pattern of dislocations occurs for Á2, Á3;i and Á3;ii. The
same asymptotics that led to equation (15) can easily be applied to integrals
representing the truncated Gaussian (paraxial and non-paraxial) beams studied by
Karman et al. [1, 2] and Beijersbergen [3]. The results are very similar, but the
interpretation is slightly di� erent: the marginally evanescent waves are replaced by
di� racted rays from the edge of the truncating aperture.

Third, to develop Nye’s [5] local classi®cation in slightly greater detail, to bring
out the role of the phase saddles in the sequence of events leading to the departure
of pairs of dislocations from the focal plane.
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