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Abstrac t. In planar geometrical optics, the rays normal to a periodically
undulating wavefront curve W generate caustic lines that begin with cusps and
recede to in® nity in pairs; therefore these caustics are not periodic in the
propagation distance z. On the other hand, in paraxial wave optics the phase
di� raction grating corresponding to W gives a pattern that is periodic in z, the
period for wavelength ¸ and grating period a being the Talbot distance,
zT a2 / ,̧ that becomes in® nite in the geometrical limit. A model where W
is sinusoidal gives aone-parameter family of di� raction ® elds, which we explore
with numerical simulations, and analytically, tosee how this clash of limits (that
wave optics is periodic but ray optics is not) is resolved. The geometrical cusps
are reconstructed by interference, not only at integer multiples of zT but also,
according to the fractional Talbot e� ect, at rational multiples of z zTp/q, in
groups of qcusps within each grating period, down toaresolution scale set by .̧
In addition to caustics, the patterns show dark lanes, explained in detail by an
averaging argument involving interference.

1. Introd uc tion
Our purpose is to draw attention to an unexpected phenomenon in paraxial

wave optics, resulting from a clash of limits. Consider light with wavelength ,̧
propagating paraxially in the z direction from an initial wavefont W at z 0 that
undulates smoothly and periodically, with period a, in the x direction (the third
dimension is irrelevant here). Such agrating can be produced by re¯ ection from a
mirror with awavy surface, or by propagation through athin layer of liquid whose
refractive index or thickness varies with x (e.g. as a result of Rayleigh± BeÂ nard
convection [1, 2]).

In the geometrical optics approximation, valid for small ,̧ propagation is
determined by the normals to the wavefronts (rays) and is dominanted by caustics
[3]; these are the envelopes of the rays, or, alternatively stated, loci of centres of
curvature of W. The caustics begin (® gure 1) with cusps at z R, where R is the
smallest radius of curvature of W, and continue as smooth curves to in® nity,
corresponding to rays from the in¯ ection points of W.

However, the initial wavefront can also be regarded as a phase di� raction
grating. Then, as is well known, the transmitted ® eld intensity is periodic in z as
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well as a; the period is zT a2 / .̧ This is the integer Talbot e� ect, ® rst observed
in 1836 as periodically reconstructed images of the di� raction grating [4, 5] and
now understood as an interference e� ect where the whole di� racted ® eld is
reconstructed [6]. The ® eld between z 0 and z zT has an intricate internal
structure; at rational distances z zT p /q ( p and q integer), there are q reconstruc-
tions of the initial wave, overlapping with phase factors determined by the Gauss
sums of number theory [7]. This is the fractional Talbot e� ect. The reconstruc-
tions are properties of paraxial di� raction by a grating of any form. Here we are
interested in smooth phase gratings, but note that for a discontinuous amplitude
(Ronchi) grating the ® eld between the fractional grating images is an anisotropic
fractal [7].

So, the wave optics is periodic in z, but the ray optics is not. This seems
to contradict the c̀orrespondence principle’ that wave® elds must reduce to their
ray counterparts as ¸ 0. In particular, as ¸ 0 the caustics will emerge and
stand out from the di� raction near their cusps [8], which blurs their sharpness
for any ® nite ,̧ and these caustics are not periodic in z (® gure 1). But there is
no contradiction, because correspondence holds for waves in any given region,
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Figure 1. Cusped caustics as the envelope of rays (normals) from a sinusoidal wave-
front W.



while the Talbot distance zT, over which the wave® eld repeats, increases with .̧
Instead of a contradiction, there is a striking optical phenomenon: when ¸ is
small (relative to the amplitude of the undulations of W), caustics near the
grating, that are most prominent near z R, must reconstruct themselves by
Talbot interference near the much greater distances zT and multiples thereof;
moreover, multiple reconstructions of the caustics must occur at rational multiples
of zT.

This is the phenomenon that we will explore here, through the simplest
possible model (section 2). Numerical simulations reveal a wave® eld of great
complexity, with several levels of structure. It would be a challenge to study the
wave experimentally; here we explore it theoretically, beginning (section 3) with
the geometrical caustic and associated di� raction. The heart of the paper is section
4, where through the central formula of the Talbot e� ect we explain how caustics
are reconstructed at di� erent places in the optical ® eld. As well as the bright
features associated with caustics, the simulations show dark lines; these are
explained (section 5) as subtle interference e� ects.

The caustics are reconstructed by Fresnel interference; they are c̀austics
without rays’. In this they resemble, but are di� erent from, the Fresnel recon-
structions associated with gratings whose line spacing varies slowly with position
(and whose lines may be curved) [9± 14]; in these caustics, the cusps appear at
z zT . There is also a curious analogy with moireÂ patterns, which are f̀ringes
without waves’.

Although we choose topresent these reconstruction phenomenaas optics, they
can also be interpreted quantum-mechanically, because the time-dependent
SchroÈ dinger equation in one space dimension is the same as the paraxial wave
equation in two dimensions. Reconstructions are an unfamiliar kind of q̀uantum
revival’ [15± 18], in which caustics generated by an initial state of particles on an
in® nite line, or in a box, where the position dependence is uniform and the
momentum varies sinusoidally, get periodically reborn.

In the theory to follow, we will introduce a number of symbols. For conve-
nience, these are listed in table 1.

Talbot-reconstructed caustics 351

Table 1. Principal symbols.

Wavefront W
Amplitude of undulations of W h

Grating period and wavenumber a 2p
K

Light wavelength and wavenumber ¸
2p
k

Distance from W to geometrical cusps R 1
K2h

a2

4p 2h

Talbot distance zT
a2

¸

Dimensionless distances z z
zT

, x x
a

Dimensionless grating strength parameter q
R
zT

¸

4p 2h



2. Model
To illustrate the reconstruction of caustics in the simplest way, let the phase

grating be sinusoidal; so the wave w x,z transmitted by it is, initially,

w x,0 exp ikhcos Kx
n

inJn kh exp inKx . 1

Here K 2p /a, k 2p / ,̧ Jn is the Bessel function and h is the strength of the
phase variation (if the grating is produced by propagation through a thin slab of
thickness L of material with refractive index n n0 d ncos Kx , where L is small
enough for the phase approximation to be valid, then h L d n .

The nth sinusoidal component in the series (1) propagates as aplane wave with
transverse wavenumber nK, that is

exp inKx exp i nKx z k2 nK 2

exp ikz exp i nKx
zK2n2

2k , 2

where the third member incorporates the paraxial approximation. Thus the
transmitted wave is, paraxially and omitting the phase factor exp ikz (irrelevant
for intensities),

w x,z
n

inJn kh exp i nKx
zK2n2

2k
. 3

Obviously the wave is periodic in x, with period a. It is also even in x, since x
reversal can be reversed by n reversal and inJn is even in n. Similarly, the
dependence on z satis® es the symmetries

w x,z zT w x 1
2a,z , w x, z w x 1

2a,z . 4

Therefore the intensity is indeed periodic with the Talbot period, apart from a
shift of a/2 between successive images. This periodicity is exact only in the
paraxial approximation, which gets better as the wavefront slope h /a gets smaller
(the origin of this condition is the requirement nK k in the square root in
equation (2), together with the fact that in the Bessel functions in equation (3) the
largest appreciable order n equals the argument kh). Non-paraxiality [7] and the
® nite size of the grating[7, 19] will degrade the reconstructions, in ways that have
been studied in detail and that we will not repeat here.

Now consider the caustics (® gure 1). These are the envelopes of the rays, which
in turn are stationary values of the optical distance D x ;x,z to the ® eld point
x,z from a point x ,0 in the grating plane. Calculating D and its ® rst two

derivatives gives, paraxially,

distance: D x ;x,z hcos Kx z
x x 2

2z ,
rays: x x zKhsin Kx ,
caustics: zK2hcos Kx 1,

5
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Thus the caustics begin at
R

1
K2h

a2

4p 2h
. 6

To study the emergence of caustics from the wave (3), and their periodic
reconstructions, we scale longitudinal distances in terms of zT and transverse
distances in terms of a, de® ning

z z
zT

z¸

a2 , x x
a , q

R
zT

¸

4p 2h
. 7

The dimensionless parameter q will be of central importance; it is the scaled
distance from the grating to the ® rst row of caustics. Thus equation (3) can be
written in terms of the canonical function

W x , z ; q
n

inJn
1

2p q
exp ip 2nx n2z

J0
1

2p q
2

n 1
inJn

1
2p q

cos 2p n2x exp i p n2z . 8

Regarded as a function of the two variables x , z , W possesses the symmetries
(cf. equation (4))

W x , z W x 1, z W x , z W x 1
2,1 z W x ,1 z . 9

If follows that W need be studied only in the irreducible square
0 < x < 1

2,0 < z < 1
2 . In addition, W depends on the single parameter q .

For numerical calculations, we will use the convergent series (8). However, W

can also be expressed as a Fresnel di� raction integral. This can be written
immediately from the physical optics of the grating, or derived from (8) by
replacing the Bessel functions by their integral representation and then transform-
ing the sum by the Poisson formula:

W x , z ; q exp ip /4
q

duexp i cos 2p u
2p q

p x u 2

z . 10

From equation (7), the geometrical-optics limit, in which the caustics emerge,
is q 0. Therefore all details of the geometrical caustics, the di� raction patterns
that decorate them, and their periodic reconstruction that is the focus of our
interest here, are contained in the asymptotics of equation (8) or (10) for small q .

Before discussing this, it is helpful toanticipate the ® nest scales of variation in
W . These are determined by the largest value of n contributing signi® cantly to the
series (8). Since Bessel functions are exponentially small if the order exceeds the
argument when both are large, this value of n is 1/ 2p q . It follows that the ® nest
scales in W can be estimated as D x q , D z q 2. A precise calculation (appendix
A), de® ning these scales in terms of the mean square derivatives of the intensity
with x and z over the irreducible square, gives

D x q , D z 8p q 2

1 4p q
2
. 11

Figure 2 shows the intensity I W
2 for several values of q , over arange of two

unit cells in x , z , su� cient to display the symmetries (9). More details are visible
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in the magni® ed patterns (® gure 3) showing W
2 in the irreducible square.

Evidently there is a great deal of structure, getting richer as q decreases. In
section 3 we concentrate on the bright spots and lines and identify some of these as
the geometrical caustics. Others are the Talbot-reconstructed caustics, as we will
explain in section 4, which is the heart of the paper. Also visible are vertical and
diagonal dark lanes; we will explain those in section 5.

3. Geom etrical cau stics and assoc iated di� rac tion
Consider ® rst the geometrical caustics, generated by the normals to the initial

wavefront. These begin with cusp points at x integer, z q ; from equation (5),
their form is

x integer 1
2p

z
q

2
1 arccos

q

z 0 < x < 1
2 . 12
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Figure 2. Density plots of Talbot phase-grating di� raction intensity I W
2,

calculated from the series (8), over the range 0 < x < 2,0 < x < 2 , showing the
symmetries (9), for (a) q 1

10, (b) q 1
20, (c) q 1

50 and (d ) q 1
100. The cusps of the

caustics are the bright spots at x integer, z q , and points related to these by
equations (19), (20) and (9).



Near the cusp at x 0, this is

x 2
3p

z q

q

3/2
. 13

Locally, the geometrical structure is decorated by di� raction described by the
Pearcey[8], integral, which in the form appropriate to the present case is obtained
by expanding the phase in equation (10) to order u4:

W x , z ; q
exp ig

q 1/4
3
p

1/4

dsexp i s4 As2 Bs , 14

where

g 1
4 p p x 2

q

1
2p q

,

A 3
p

z q

q 3/2 , B 2 3p 1/4 x
q 3/4 .

15

The emergence of cusp di� raction is illustrated in ® gure 4, which shows further
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Figure 3. As ® gure 2, magni® ed to show the irreducible square 0 < x < 1
2,0 < z < 1

2 .



magni® cations of the patterns of ® gure 3 (stretched vertically and with the origin
shifted to the centre).

From equation (15) it follows that the size of the di� raction fringes decorating
the cusp point scales as

D x cusp q 3/4, D z cusp q 3/2. 16

The same result is obtained by combining equation (7) with the scaling of cusp
di� raction in catastrophe theory[3]; fringes in x (across the cusp) scale as 3̧ /4, and
fringes in z (along the cusp) scale as 1̧/2. Note that the cusp fringes (16) are
asymptotically much larger than the smallest scales (11) in the pattern.

4. Reconstru ction of caustics
The central formulaof the Talbot e� ect[7, 20± 23] describes how the pattern W

(equations (8) or (10)) at rational distances z p/q is a superposition of q copies of
the pattern at z 0, shifted in x and in phase. Here we will exploit a small but
important generalization: any distance z z 0, and not just z 0, can be regarded
as the location of the grating, so that the fractional Talbot e� ect relates z 0 to
z 0 p/q. The formula is

W x , z 0
p
q ; q 1

q

q 1

n 0
W x n

q
1
2 e p, z 0; q exp ic n q,p . 17

Here the phases c n are determined arithmetically; explicit formulae are given in
equation (20) of [7] and equation (42) of [24] (part c of these equations contains a
misprint: the factor 4p /q should be 16p/q). Also,

e p 0 p even , e p 1 p odd , 18

describing shifts of some of the reconstructed patterns by half a grating spacing
(the third equality in equation (9) is an example of this, for z 1).

It will be convenient to use an approximate version of equation (17) which
applies if z 0 is chosen sothat the image there is localized in asmall region of x . One
such distance is z 0 q , where the image is dominated by the cusp, with di� raction
width D x cusp (equation (16)). Then for su� ciently small q the images do not
overlap, and we can replace equation (17) by a reconstruction equation for the
intensity I W

2:

I x , z 0
p
q ; q 1

q

q 1

n 0
I x n

q
1
2 e p, z 0; q 19

Starting from the geometrical cusp at x 0, z q and using the intensity
reconstruction equation together with the symmetries (9), it is possible to list the
positions of the Talbot-reconstructed cusps in the irreducible square. For q < 5,
the list is
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q 1: 0, q ,
q 2: 0,1

2 q , 1
2,1

2 q ,
q 3: 0,1

3 q , 1
3,1

3 q ; 1
6,1

3 q , 1
2,1

3 q ,
q 4: 0,1

4 q , 1
4,1

4 q , 1
2,1

4 q

0,1
4 q , 1

4,1
4 q , 1

2,1
4 q ,

q 5: 0,1
5 q , 1

5,1
5 q , 2

5,1
5 q ,

1
10,1

5 q , 3
10,1

5 q , 1
2,1

5 q ,
1
10,2

5 q , 3
10,2

5 q , 1
2,2

5 q ,
0,2

5 q , 1
5,2

5 q , 2
5,2

5 q .

20

Here (a,b) denotes x a, z b, and the asterisk (*) denotes r̀e¯ ected cusps’ ,
pointing towards positive z (these originate in the last member of equation (9)).
Associated with each of these reconstructed cusp points, and emanating from
them, are reconstructed caustic lines.
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Figure 4. As ® gure 2, magni® ed to show the region near a cusp at z q : the z range is
from 0 to 3q , and the x range is from 0 to 4 1.574 times the greatest width of the
caustic).



Many of the bright points in ® gures2 and 3 are reconstructedcusp points at the
positions (20), but this is not visually obvious because of the distortion embodied
in the scaling (7), and the images are complicated by the interference associated
with partial overlapping of the Talbot images. One way to demonstrate the
reconstruction convincingly is by magni® cation of the immediate neighbourhood
of the expected cusps. Figure 5 shows the re¯ ected reconstructed cuspat 0,1

2 q ,
magni® ed in the z direction to display the same di� raction decoration as the
geometrical cusp (® gure 4(d)).

Another demonstration is based on seeing the emergence of the cusps as q gets
smaller, by calculating, for several values of p /q, the predictions of the intensity
reconstruction equation (19), with reconstructions generated by the geometrical
cusp at z 0 q , and comparing these with exact calculations from equation (8).
Figure 6 shows di� raction across the generating cusp at z 0 q , getting sharper as q

decreases (that is, as the amplitude h of the phase grating increases). A single
geometrical ray contributes to this pattern, except at x 0 where three rays
coalesce (® gure 1). Asymptotics based on equation (10) gives the following
small-q asymptotics:
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Figure 5. Di� raction intensity near reconstructed cusp at 0,1
2 q , for q 1

100



I x , q ; q 3
p 3q

C 2 1
4

4
1.022

q
x 0

1
3 x 2 2/3 q 3/4 x 1

2

1
2 x 1

2 21

(here C denotes the gamma function).
Figure 7 shows the emergence of two pairs of reconstructed cusps as q

decreases. The phenomenon is clearly visible, with the intensity equation (19),
which neglects interference between overlapping Talbot images, successfully
reconstructing the caustic peaks and also the average of the interference oscilla-
tions away from the caustics. However, even the peaks exhibit some interference
with other parts of the superposed Talbot images, as is seen in ® gures 7(d)± ( f )
near x 1

2.

5. Dark lanes
The intensity patterns in ® gures 2 and 3 are criss-crossed by dark lanes. These

are superimposed on the reconstructed caustics and get more prominent as q

decreases. Inspection suggests that the lanes are centred between the lines of the
form

x x 0
1
2bz b 0, 1, 2, . . . . 22

The lanes with smaller b are more clearly de® ned. Some lanes (e.g. those with
b 0) appear symmetrical about the sides x 0 and x 1

2 of the irreducible
square, while others (e.g. those with b 1) do not. Here we give a theory that
accounts for these observations and also gives the intercepts x 0.
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Figure 6. Di� raction intensity across the cusp at z q , for several values of q .



The dark lanes resemble others discovered [7. 24± 26] in computer simulations
of similar Talbot problems (and their quantum analogues) and explained in terms
of destructive interference between Fourier coe� cients with positive and negative
order (or, in the quantum case, interference between symmetry-related classical
paths). However, those lanes occurred for gratings (or initial quantum states)
di� erent from the sinusoidal phase screen that we are studying. We are able to
explain more with an alternative strategy.

This is based on averaging the intensity (8) along the lines (22), anticipating
minima for x 0 values in the lanes. It su� ces to average over 0 < z < 1

2, but that
involves awkward use of the symmetries of equation (8); it is much easier to
average over the full periodicity interval 0 < z < 2. Thus we calculate the lane
contrast function

Iav x 0,b; q 1
2

2

0
dz W x 0

1
2bz , z ; q 2. 23
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Figure 7. Asymptotic emergence of reconstructed cusps: (a)± (c) cusps at 0,1
2 q and

1
2,1

2 q ; (d)± ( f ) cusps at 1
6,1

3 q , 1
2,1

3 q ; (a) q 1
20; (b) q 1

50; (c) q 1
100;

(d) q 1
50; (e) q 1

100; ( f ) q 1
200. Full curves, exact calculation from equation (8);

dashed curves, intensity reconstruction equation (19).



The function to be averaged is

W x 0
1
2bz , z ; q 2

m n
im nJm

1
2p q

Jn
1

2p q

exp ip 2x 0 m n z m n b m n . 24

The operation (23) eliminates all terms except those where m n and where
m b n. From this, and with standard Bessel-function sums [27] follows the
formula that is the main result of this section, containing all the structure of the
dark lanes:

Iav x 0,b; q 1 1 bJb
sin 2p x 0

p q
. 25

The centres of the lanes correspond to minima of this function with respect to
x 0. In the irreducible square, the corresponding intercepts x 0 are given by minima
of Jb for b even, and, for b odd, by minima/maxima of J b if b is negative/positive.
For given b, the number of lanes (minima of 25) increases as q decreases, with
fewer lanes for larger b and no lanes at all for small q and b > 1/p q . From the
properties of Bessel functions in equation (25), the contrast and sharpness of the
lanes diminish near the centre of the square, that is as x 0 approaches 1

4. Figure 8
shows lane contrast functions for two families of lanes, illustrating some of this
behaviour.

Because the lanes overlap and are overlaid with reconstructed caustics and their
associated di� raction, only the ® rst few lanes, for the smallest values of b, can be
discerned, even for the smallest value q 1

100 used in our simulations. The

Talbot-reconstructed caustics 361

Figure 8. Lane contrast functions (25), for (a) b 0, q 1
50, (b) b 0, q 1

100; (c) b 1,
q 1

50, and (d ) b 1, q 1
100. (For b 1, the contrast is the reverse of that for

b 1, that is the dark lanes are at the maxima in (c) and (d).)



intercepts for the ® rst few lanes, for small q , are, from equation (25) and Bessel
extrema,

b 0: x 0 1.92q ,5.01q ,8.24q , . . . ,
b 1: x 0 0.921q ,4.27q , . . . ,
b 1: x 0 2.67q ,5.86q , . . . .

26

Comparison with numerical simulations shows that the locations of the dark lanes
are given accurately by these formulae.

Surprisingly good simulations of the pattern of overlapping lanes can be
generated by superposing the contrast functions (25) for several values of b,
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Figure 9. Density plots of the lane simulation function (27) for N 2 (that is, showing
® ve families of lanes), for (a), (b) q 1

50 and (c), (d ) q 1
100. (a) and (c) should be

compared with ® gures 2(c) and (d ), and the magni® cations (c) and (d) should be
compared with ® gures 3(c) and (d).



substituting for x 0 from equation (22). We can de® ne the lane simulation function
as

Ilanes x , z ; q ,N
N

b N
Iav x 1

2bz ,b; q . 27

Some of these lane simulations are shown in ® gure 9, for N 2. Comparison with
® gures 2 and 3 showthat much of the structure of the function (8) is reproduced in
this way, through of course not the geometrical and reconstructed caustics that are
our main interest here.
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Appe ndix A. Sensitiv ity of in tensity of variations in « and ³
This is the derivation of equations (11). We de® ne averages of quantities

depending on the intensity I W
2 as mean values over the full period of the

pattern (equivalent to the irreducible square), that is

1
2

1

0
dx

2

0
dz . . . . A1

As the sensitivities, we de® ne

D x I

¶ x I 2
, D z I

¶ x I 2 .
A2

To calculate these quantities, we de® ne

gn inJn
1

2p q
A3

and will make use of the following sums:

n
J2

n w 1,
n

m2J2
n w 1

2w2,
n

m4J2
n w 1

2w2 3
8w4. A4

Then the intensity can be written

I x , z
m n

gmgn exp ip 2x n m z n2 m2 . A5

For I itself, the average (A1) is non-zero unless m n; so

I
n

gn
2 1. A6

For the mean square x derivative, we need
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¶ x I 2 4p 2

m n r s
n m r s gmgrgngs

exp ip 2x n s r m z n2 s2 r2 m2 . A7

Averaging according toequation (A1) imposes n m, s r, or n r, s m, in the
summand, so that

¶ x I 2 4p 2

m n
m n 2 gm

2 gn
2

8p 2

m
gm

2

n
n2 gn

2 1
q 2 , A8

from which the ® rst equation in (11) follows.
For the z derivative, a similar argument gives

¶ x I 2 p 2

m n
m2 n2 2 gm

2 gn
2

2p 2

m
gm

2

n
n4 gn

2

n
n2 gn

2 2

1
64p 2q 4 1 4p q

2 , A9

from which the second equation in (11) follows.
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