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Abst~ncl The classical analogue of the quantal time- 
dependent Green function for particles in a uniform 
magnetic field  is the family of helical trajectories of 
particles emitted from a point source isotropically  and 
with the same energy. These helices envelop a caustic 
surface consisting of infinitely  many  leaves meeting the 
symmetry  line in conical cusps; the symmetry line is 
itself part of the caustic. A n  exact  integral representa- 
tion for the quantal Green function is constructed from 
the classical time-dependent action. Under semiclassical 
conditions, i.e. when  many quantum flux units thread a 
circular  magnetic orbit, the Green function is enhanced 
by a factor of order h”’6 on the caustic leaves  and by 
h”’* on the symmetry line. Quantisation into Landau 
levels is a consequence of constructive interference be- 
tween the infinity of trajectories passing through a 
point. 

1. Introduction 
Caustics  are  focal  surfaces  in  space,  formed  by  the 
touching of neighbouring  members of a family of 
rays.  Optical  caustics  are  familiar  in  refraction  from 
lenses  with  aberration,  by  the  bright  lines  in  which 
they  intersect  the  bottom of a swimming  pool 
whose wavy surface is illuminated  by  sunlight,  and 
as  the  rainbow  (for a review  see  Berry  and  Upstill 
1980).  Caustics in mechanics  are  not so familiar, 
but  they  occur, for example  as  ‘molecular  rainbows’ 
in  potential  scattering  (Berry  and  Mount  1972), in 
atomic  beams  reflected  by  crystal  surfaces  (Berry 
1975)  and in electron  microscopy  (Berry,  Buxton 
and  Ozorio  de  Almeida  1973,  Liesegang  1953).  My 
purpose  here is to  show  that a mechanical  caustic 
with a surprisingly  intricate  structure is to  be  found 
in  one of the  theoretical physicist’s favourite  con- 
structs,  namely  the  time-independent  Green  func- 
tion  for a particle in  a uniform  magnetic field. 

R C m e  L’analogue  classique des fonctions de Green 
quantiques dtpendant du temps, pour des particules 
plades dans un champ magnttique uniforme, corres- 
pond a la  famille  des trajectoires htloco’idales  Cmanant 
isotopiquement d’un  m&me point source, et correspon- 
dant B une  m&me tnergie des particules. Ces htlices 
enveloppent une surface caustique constitute d’un 
nombre infini  de nappes se rejoignant, au niveau de 
I’axe de symttrie, en formant des points de rebrousse- 
ment coniques; l’axe de  symttrie fait hi-m&me partie 
de la caustique. Une reprtsentation  inttgrale exacte de 
la fonction de Green quantique est tlaborte B partir 
d’une  expression  classique, et  dtpendante du temps, de 
l’action. Dans la  limite  semi-classique,  c’est-B-dire 
quand le flux magnttique B travers une orbite circulaire, 
a, en unit& atomiques, une  valeur  trbs tlevte, la fonc- 
tion de Green croft en sur les  nappes  de  la causti- 
que, et en h”I2 SUI l’axe de  symttrie. On peut relier la 
quantification  de Landau B une interftrence constructive 
entre les trajectoires, en nombre infini, qui passent par 
un point donnt. 

Consider  particles  with  mass p ,  charge q and 
energy E, emitted  from a source  at ro = (xo, yo, zo) 
and  moving in  a uniform  magnetic field B = 
(0, 0, B) directed  parallel to the z axis. The classi- 
cal  trajectories of these  particles  from ro comprise a 
family  whose  envelope is the  caustic  we  are in- 
terested  in. The form of this  caustic will be  deduced 
in 02. Quantum  mechanically,  the  probability  amp- 
litude  for  observing a particle a t  r = (x. y, 2) is the 
Green  function G(ro, r ;  E), for  which a formula 
will be  obtained  in 03. Semiclassically, that is when 
many  quantum flux units  thread  the  circular 
magnetic  orbits, G is expected  to  rise  to  large 
values  when r lies on  the caustic, so that  the  caustic 
is a surface  on  which  the  quantum  wave  should  be 
intense; in 04 I show,  by  an  asymptotic  analysis, 
that  this is in  fact  the  case.  Finally in 05 I show  how 
G contains  the  familiar  quantisation of E into 
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‘Landau levels’ (Landau and Lifshitz 1965). 
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2. The caustic 
It is simplest to begin with the two-dimensional 
case. In  the absence of the field, trajectories consist 
of straight lines in the plane (x, y), radiating  from 
(xo, yo) (figure l(a))  with speed 

v = (2pE)’”. (1) 
When  B is not zero, the trajectories  from  (xo, yo) 
are circles whose diameter D is 

D = 2pv/qB. (2) 

As is clear from figure l(b),  the envelope of these 
circles is another circle, whose radius is D. This 
enveloping circle is the caustic line for the family of 
trajectories in two dimensions. 

Y I-* 
‘lXO#YO) - D -  

X 4  I 
Figure 1 Family of trajectories  from (xo, yo): (a) with 
zero magnetic field, ( b )  with non-zero  magnetic field 
pointing up out of the  paper. 

In space, the orbits consist of a family of helices 
winding round  the lines of B ; it is far from  obvious 
what their  envelope is, and so we proceed analyti- 
cally. The  orbits r ( t )  issuing from ro with speed v 
given by (1) are parametrised by polar angles 8, 4 
defining their initial direction. In  the z direction, 
motion is uniform with speed v cos 8. In  the xy 
plane,  motion is in circles with radius pv sin 8/qB. 
Therefore  the helical trajectories are 

x(t)=xo+- 
pvs ine  . qBt 

qB [sm(;-4)+sin&] 

Y(t) = yo+- ’vsine[cOS($L+cos4] qB (3) 

z ( t ) = z o + v t c o s e  

where r is the time parameter along the trajec- 
tory  labelled by e and 4. 

The caustic is the surface  touched by all these 
trajectories. Its equation is found by eliminating t, 8 
and 4 from (3). Elimination of t in terms of z - zo 
is easy, using the last of equations (3), and leads to 

x-xo=- 
2pv sin e 

( z  - zo ) )  qB 2pv COS e 

-2pv sin 0 qB(z - zo) (4) 
Y - y o =  sin( ) 

qB  2pv COS e 

4 can be  eliminated by squaring  and adding. It is 
convenient to measure distances dimensionlessly in 
terms of the two-dimensional caustic radius D 
(equation (2)), defining new variables R and Z by 

[ ( X - X ~ ) ~ + ( ~ - ~ ~ ) * ] ~ ’ ~ E D R  
Z-ZO’DZ. ( 5 )  

Thus 

The meaning of this formula is that R ( 2 ;  e) is the 
cylindrical polar equation of the envelope of all the 
trajectories  emerging from R = Z = 0 with different 
azimuthal angles 4 but  the same polar angle 0. 
Obviously, this envelope has rotational symmetry 
about  the direction of B .  

To find the caustic it is necessary also to elimi- 
nate 8. This is achieved by noting that a  point 
(R,  2) lies on  the caustic if a small variation de,  to 
a  neighbouring  trajectory in the family, produces  a 
variation in R and 2 which  is zero to first order, 
that is if 

Thus  the caustic is obtained  for  each 2 as the  set of 
values of R for which R ( Z ;  e), given by (6), is 
stationary as a function of 8. By symmetry, it is 
necessary to consider only Z 3 0 and 0 d 0 fr. 

According to (6) ,  R ( Z ;  e) for any Z consists of 
an envelope sin 0 modulated by oscillations which 
get infinitely rapid as 6 +fr. Therefore R has 
infinitely many stationary values (all maxima), lead- 
ing to  the surprising conclusion that  the caustic has 
infinitely many leaves whose ‘accumulation surface’ 
is the cylinder R = 1. To find the form of these 
leaves close to R = 1, define 

e = h - s  1 (8 )  

whereupon (6) becomes 

R(Z;fr-6)=(1-&2)1sin(Z/S)I. (9) 
Maxima occur when 
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Z 8" 
(n-f).rr n = l , 2 , 3 ,  . . .  

at radii R,(Z) given by 

R,(Z)r1-Z'/2.rr2(n-f)'. (11) 

As Z increases, the radius R, of the  nth caustic 
leaf decreases, until equation (11) is no longer an 
accurate  description. To discover how the leaves 
approach the Z axis, expand (6) for small 8: 

R ( Z ;  e) - (e - ;e3)  (sin(Z+fZe')( e<< 1 
= le3(fz cos Z - 4  sin Z) + e sin ZJ 

e<< I. (12) 

1 

Figure 2 Section of multifoliate  caustic.  The  complete 
caustic  surface  (consisting of leaves  meeting  the Z axis 
in cusped  cones,  together  with  the Z axis  itself)  is ob- 
tained by rotating  the  figure  about  the Z axis. 

J 

This is stationary at 8 = 0 whenever sin Z vanishes, 
so the caustic leaves meet the Z axis at Z, where 

Z,=n.rr n = l , 2 , 3  . . .  (13) 

corresponding to  the Z distance travelled in a 
multiple of the cyclotron period by a  particle with 
8 = 0. Close to these  points, that is where 

Z = n n i - c  <<<l (14) 

(12) becomes 

R(nrr+[; e ) = j f n ~ e ~ + e l / .  (15) 
As is easily verified, the stationary values are 

R,(Z)=- ( - )"'(n.rr - Z ) 3 / 2 .  (16) 
3 3nrr 

Therefore the leaves meet  the Z axis  in upward- 
pointing conical cusp points, which are  sharper for 
larger n. 

The complete multifoliate caustic, computed 
from (6) and (7), is shown in section in figure 2.  As 
well  as the  sheets just discussed, the caustic in- 
cludes the whole Z axis, because each 0 curve in 
the family (6) that crosses the Z axis does so, by 
symmetry, in company with infinitely many others 
with different azimuthal angles 4. 

3. Construction of the Green fnnction 
In quantum mechanics the motion of particles in 
the  magnetic field B is governed by the Hamilto- 
nian 

where carets denote  operators and A(r) is a vector 
potential satisfying 

B = vr \A(r )  (18) 

for which I choose 

A = B( -fy, +X, 0). (19) 

The  Green function to be  studied is defined as the 
matrix element 

G( ro , r ;E )=( r   )E+ iE-Al rO)  1 (20) 

where E is a positive infinitesimal. Alternatively 
stated, G is the outgoing  solution of Schrodinger's 
equation in the variable r in the presence of a 
delta-function  source at  roof particles with energy E. 

G can be  found most simply as the time Fourier 
transform of the propagator %(ro, r ;  t ) ,  i.e. as 
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where 

%(ro,  r;  t)=(r  (exp(-ifit/h)l  ro>.  (22) 

Because fi as defined by (17)  and  (19) is a quadra- 
tic Hamiltonian, the  propagator is given exactly by 
its semiclassical approximation (for a brief review 
see Jones  and  Papadopoulos 1971). This involves 
Hamilton’s principal function  W(ro, r ;  t )  (the classi- 
cal time-dependent  action), defined (see for  exam- 
ple Landau and Lifshitz 1965) as 

Who, r ;  jofdTL@(7), b ( T ) )  (23) 

where L is the Lagrangian corresponding to H and 
p ( ~ )  and b ( ~ )  are  the position and velocity at time T 

on the trajectory linking ro  and r in time t .  In terms 
of W, the  propagator is 

xexp[iW(ro, r ;  t)lh] (24) 

where N is the dimensionality ( 2  or 3 in this case) 
and xoi and are  the Cartesian  components of ro 
and r ;  a brief derivation of this old result is given 
by Berry and  Mount  (1972). 

The Lagrangian,  obtained  from  (17) by 

L = p * i - H ( r , p )  (25) 

using 

i =V,H (26) 

to eliminate p ,  is found  after  a short calculation to 
be 

x2+y2+z2+-(xy-y3i.) qB . 
CL 

Now W can be  obtained from (23) using the exp- 
licit path equations (3) with p and T replacing r and 
t, eliminating v, 8 and 4 be  means of (3) without 
such replacement.  This  tedious but straightforward 
procedure gives 

W(ro, r ;  t )  = [(x - x0)’ + (y - yo) 3 - cot - ’ q: ( 3  

The matrix in (24) is therefore 

I””) 
axoi  axoi 

Combining the last two equations gives the prop- 
agator according to  (24) as 

%(ro, r ;  t )  = -qB 
4 ~ r h   s i n ( q B t / 2 ~ )  

This  formula is written for the three-dimensional 
case; in two dimensions the final factor in square 
brackets is replaced by unity. Notice that 9 does 
not depend only on the separation vector r -ro, 
even though the physical problem is invariant 
under  translation; this is because the choice of 
vector potential (18) gives a privileged status to  the 
line x = y = 0. It can be verified by direct  substitu- 
tion that (3) is an exact solution of the time- 
dependent Schrodinger equation obtained from 

The final step is to incorporate the propagator 
(30)  into  the Fourier transform (21) for  the Green 
function G. It is convenient to employ the  dimen- 
sionless coordinates R and Z defined by (S),  and 
replace the time variable by 

(17). 

T qBt/2p.  (3 1) 
Then G depends on h via the dimensionless 
parameter 

A pE/hqB  (32) 

whose physical meaning is that it equals the 
number of quantum flux units 2~rh lq  enclosed by a 
circular magnetic orbit. Writing G as G(R, Z ;  A)  
this procedure gives 

X exp[2Ai(~  + R’ cot T ) ]  

where again the formula is written  for N = 3, with 
the factor in the second set of square brackets 
equal  to unity if N = 2. To make  the integral con- 
verge at T =0, the  contour must pass below the 
positive real axis. 

4. Semiclassical asymptotics of the Green 
function 
Under semiclassical conditions  the parameter A 
(equation  (32)) is large,  and it is to be expected 
from the  correspondence principle that  the  quan- 
tum mechanical function G will exhibit features of 
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the corresponding family of classical trajectories. 
The most striking feature is the multifoliate caustic 
described in 82. It is the purpose of this section to 
study the  manner in which G rises to large values 
on  the leaves of this caustic. 

When  A is large,  the  exponential in the  integrand 
of (33) oscillates rapidly as T varies. According to 
the principle of stationary  phase  (Copson 1965), 
the only non-cancelling contributions to  the in- 
tegral come from the values T, for which the deriva- 
tive of the phase of the exponential vanishes. From 
(33), T, are  the positive roots of 

(34) 

To see  what this means, change variables from T to 

cos 8 = Z/ r  (35) 

whereupon (34) transforms into the classical equa- 
tion (6) for the polar angle(s) 8 of the trajectories 
which pass through R, Z. Therefore each  contribu- 
tion Gi to G when A is large  corresponds to a 
classical trajectory  through R, Z. 

Obviously, the roots T~ depend on the position R, 
Z. For most positions (‘ordinary points’) the T~ are 
distinct simple zeros of (34). Then G, is obtained 
by quadratically  expanding the phase about T,, and 
(33) has the order of magnitude 

8 by 

Gi - A I dT exp[iA(T - T~)’ X constant] 

-A   du  exp(iu’) - A I 
in the three-dimensional case. 

More  interesting are ‘non-ordinary’ positions R, 
Z, for which two or more  roots T~ coincide. But 
these are precisely the points which lie on the 
caustic (cf (7)). A simple case occurs when Z = O  
(or, equivalently, in the two-dimensional case). 
Then (34) is 

lsin T I  = R (37) 

which when R is slightly less than unity has  roots in 
pairs close to T = ( j  +f)r ;  when R = 1 each  pair 
degenerates  into a  double root. Near  a  double root 
T, the phase in (33) behaves cubically so that  in- 
stead of (36) G, has the  order of magnitude 

Gi - A3” 5 dT exp[iA(T - T , ) ~  X constant] 

- A 7/6 [du exp(iu3) - (38) 

This shows that  the  Green function is indeed 
stronger on caustics, being  enhanced by a  factor  of 

The foregoing discussion is valid everywhere ex- 
cept on  the Z axis which, as explained at  the  end of 
02, is a degenerate line caustic. To discover how G 
behaves on this line the first step is to  set R = 0 in 
(33). Now the phase  has  a single stationary  point  at 
T = Z,  which will  give rise to an ‘ordinary’ contribu- 
tion of order given  by (36). But this will be  domi- 
nated by the contribution  from the poles of the 
integrand at T~ = jr,  where sin T vanishes (these 
poles were not  considered  before, because when 
R > 0 their effect is negligible because of the term 
R cot T in the phase). The  order of magnitude of 
the contribution from a  pole,  obtained by expand- 
ing both sin T and the phase about T ~ ,  and  remem- 
bering that  the contour passes below the real axis, 
is 

- 2riA3”@(jr - Z )  (39) 

where 0 denotes the  unit step function.  This shows 
that  the  Green function is more  intense on  the line 
caustic R = 0 below each cusp than on the smooth 
caustic leaves, being greater by a  factor A”’ than 
at ordinary  points, as might be  expected because of 
the higher degeneracy of the line caustic. 

r 

-c - 
R-“. 

0 

I 

Figure 3 Asymptotic fi dependence of the Green func- 
tion in different regions. 

On this basis one might further expect that G 
would rise to even larger values at  the concial cusp 
points (figure 2) where the leaves meet the axis. 
But this is not the case. From (13), the cusps occur 
at Z = j r  where according to (39) the pole con- 
tribution Gi iumm in value.  A more refined 

order  All6 over its value at ordinary  points. analysis of (33j shows that in fact Gi takes  a value 



A curious multifoliate caustic 

proportional to  aiA312 at the cusp point ja. 
Moreover  there are also the ‘caustic line’ contribu- 
tions G,, from poles j ‘ #  j ,  which do not  jump in 
value at Z = ja. Therefore G is enhanced by the 
same factor A’” at the cusp points as at  other 
points on  the line caustic. This  curious  behaviour 
will be discussed briefly in 06. 

Figure 3 illustrates the asymptotic  estimates ob- 
tained in this section, expressed in terms of h. 
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5. Quantisation 
From its definition (20),  the  Green function has 
singularities at discrete eigenvalues E,, of the 
Hamiltonian H. To understand  these singularities 
at  the semiclassical level it is convenient to use the 
‘scaled’ representation (33). According to the 
asymptotics in 04, contributions to G come from 
times T ~ ,  satisfying (34), for which particles emitted 
from the origin with energy E reach the point R, Z. 
Now an  important  feature of this problem is that 
any point within the cylinder R = 1 is reached by 
infinitely many paths, arriving after different num- 
bers of helical turns. In 94 I discussed the A 
dependence of individual contributions. Now I shall 
discuss the interference  resulting from their combi- 
nation. 

For fixed R, Z the large-.r solutions of (34) 
satisfy the ‘planar’ equation (37), because the orbits 
arriving  after  a long time have helices with very 
small pitch, whose turns are almost circular. There- 
fore the  roots fall asymptotically into two classes TT 
and T;, given by 

T: + ja *sin” R j large. (40) 

According to (33), the neighbourhoods of the roots 
T, in each  sequence are  the same apart from: (a) 
phase 2Aia, ( b )  a  phase ja (from the denominator 
sin T), ( c )  a  factor ( j ~ ) - ’ ’ ~  and ( d )  a  phase 2AZz/ja 
(which decreases to insignificance for large j ) .  
Therefore  the sum of the large-.r semiclassical 
contributions to (33) is proportional to 

G - c exp[ija(2A + l)]/j”’ 
i 

Singularities occur whenever this sum diverges 
for large j .  Such divergence occurs whenever the 
exponentials  interfere constructively, i.e. whenever 
2A + 1 is an even integer, so that  the singularities 
correspond to quantised values 

A , = n + i  (42) 

for the  number of quantum flux units threading  a 
circular magnetic orbit.  The corresponding  energy 
singularities follow from (32) as 

E, = ( n  +f)hw (43) 
where W is the cyclotron frequency qB/k. 

These  results are well known (Landau  and Lif- 
shitz 1965). They can be  derived  more rigorously 

from (33) in terms of the spectral function (density 
of states  per unit volume) p ( E ) ,  given  by 

1 
p ( E )  = -- ImTr G ( r  = ro; E )  

a 

on expanding the function (sin T)-’ into  a  series of 
exponentials  and applying the Poisson summation 
formula. This shows that while in two dimensions 
p ( E )  is zero when E is not equal  to  one of the 
Landau levels (43), in three dimensions these sing- 
ularities are  separated by a  continuous  spectrum for 
which p is a  smooth  function. 

6. Discussion 
The main result reported here is the elucidation of 
the caustic illustrated in figure 2. It is interesting to 
discuss this on the basis of catastrophe  theory 
(Poston and Stewart 1978), an area of mathematics 
whose relevance lies in the fact that it classifies the 
forms of those caustics which are stable  under 
perturbation and hence likely to occur ‘typically’. 

The smooth caustic leaves are ‘fold.catastrophes’, 
where  just two rays touch. The caustic line along 
the Z axis is not  a  catastrophe, because its exis- 
tence is a  consequence of the rotational symmetry 
of the problem  and so it is unstable  against,  for 
example,  a  non-uniform,  symmetry-breaking per- 
turbation of the magnetic field. In fact this unstable 
caustic line is analogous to  the glory in optics or 
potential  scattering  (Berry 1976) or  the focal line of 
a lens with spherical aberration (Berry and Upstill 
1980). 

The conical cusp points  where  the leaves meet 
the axis are not ‘cusp catastrophes’, because in 
three dimensions the  latter  are lines (where two 
‘fold’ surfaces join)  and  not  points.  Again,  the 
conical cusps are not  catastrophes because they 
arise from symmetry. They bear a close re- 
semblance to  the focal cusped cone of a lens with 
spherical aberration. Moreover, waves (optical or 
quantal) rise to especially high intensities at cusp 
catastrophes but, as shown in 04, the conical cusps 
in the magnetic caustic are points on the caustic 
line undistinguished by especially high intensity. 

Finally, I assert  what some people might find 
surprising, namely that  there is an even simpler 
problem whose caustics are identical with those in 
figure 2, whose propagator is identical in form with 
(30) and whose Green function is identical in form 
with (33). This is the family of trajectories emanat- 
ing from the origin and moving in an isotropic 
harmonic oscillator potential in x and y freely in z. 
The proof is left as an exercise. What this illustrates 
is the following: firstly, that two quite different 
families of rays can envelop the same  caustic;  and 
secondly, that it is the caustic, rather than the rays, 
which is associated with striking  features of the 
wave pattern. 
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