Black-and-white

fringes and the colors of caustics

Michael V. Berry and A. N. Wilson

Fine-scale interference fringes that decorate caustics produced with white light appear black and white
with high contrast.
This is surprising, as the elementary expectation, supported by theory and computer
The fringe separation is several arc minutes and
simulation, is that the fringes should be highly colored.
therefore close to the resolution limit of the eye. Under magnification
(even of a photograph), the colors
are revealed.
Therefore black-and-white
fringes are an illusion, giving a dramatic naked-eye illustration
of the fact that the angular resolution of the visual system is better for luminance than for color.

I.

Introduction

Interference fringes associated with focusing are easy
to see with the unaided eye. For example they
appear as delicate lines decorating caustic curves in
the image of a distant light seen through raindrops
that have fallen on spectacle lenses (or a car wi ndshield) on a rainy night. In the laboratory the
fringes can be seen by viewing an illuminated pinhole
through a water drop or an irregular bathroomwindow pane. Plate 49 shows an example. If the
incident light is white, the fringes often appear vividly
black and white (or only weakly colored), and many
are visible (up to 10).
These observations are surprising in several respects: first, because the conventional expectation is
that the visible fringes should be highly colored, as
the condition for constructive interference is satisfied
at different places for different colors. This was
recognized by Simpson and Marston,l who remarked
on the black-and-white fringes they observed in white
light scattered by oblate water-drops: “. . . the dependence on [wavelength] of the fine structure spacing
. . . does not appear to influence the hue.” Second,
because differently colored rays should be refracted
into different directions (as in the rai nbow). And
third, because only a few fringes ought to be visible,
as the rest should be quenched by overlapping colors.

The very term black-and-white interference fringes
appears paradoxical.
The resolution of the paradox (Section 4) emerged
from a theory (Section 3) leading to the description
and simulation of the expected colors in the fringe
pattern. This was based on diffraction theory (Section 2) for the wavelength and direction dependence
of light entering the eye.
2.

Diffraction

Theory

The theory we give here is one dimensional and
describes the color pattern across a caustic curve (it
would be interesting to extend it to cover the colors
near singularities of the caustics, such as cusps and
higher catastrophes2-5). Lamplight, whose spectral
intensity as a function of wavelength is P(X), strikes a
transparent screen (e.g., a hanging raindrop) with
refractive index n(h), whose (horizontal) thickness
as a function of a (vertical) coordinate is t(x).
Elementary application of the Kirchhoff diffraction
theory shows that for wavelength A the far-field light
intensity in direction 8 is
I(& 6) cxx-l
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where the integration is over the height of the screen.
In the observations of interest here, 0 never exceeds a
few degrees.
Dominant contributions, corresponding to the rays
of geometric optics, come from the stationary-phase
points, where (n - l)t’(z) = 8. Caustic directions 8,
(local deflection maxima) are determined by the coalescence of rays, that is, inflections of the screen profile,

so that
[t”(q) = 01.

8, = (n - l)t’(z,),

(2)

Expanding the phase in expression (1) to the lowest
significant order (cubic) in z - zc now gives the
intensity near the caustic as
87r2

I@, 0) ocA-li3 Ai
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1

(3)
Here Ai is the Airy function6 whose oscillations for
5 < 0 describe the interference fringes between the
two rays in each direction on the bright side of the
geometric caustic and whose decay for 5 > 0 describes
diffraction on the dark side where there are no rays.
For the fringe spacing, defined as the angle Af
between the first two maxima of Ai2, we find from
expression (3) that
Af= 1.11

1

h2[n(h) - l]t”‘(z,)
Tr2

‘I3
I

.

(4)

It is surprising that for hanging water drops this
quantity is independent of the size of the drop. This
follows from Laplace’s equation that relates surface
tension T and curvature to the difference between
pressure inside the drop (increasing downwards because of gravity) and outside the drop, which gives,
for thin drops,
const. - pgz = Tt”(z),

(5)

where g is the gravitational acceleration, and p is the
density of water. Therefore
t

111

= const. = l/L’,

(6)

where L = (T/pg)li2 = 2.71 mm is the surface-tension
length for water. From Eq. (4) it follows that for
yellow light,
Af = 4.5 min.

(7)

It is significant that this fringe size is near the
resolution limit of the eye (- 1 min). The fringe
spacing is of the same order of magnitude for other
colors and for real water drops, which are not horizontal strips as in this simplified theory, and for our
experiments with bathroom glass.
Across the visible spectrum, Af varies by a factor of
approximately (700 nm/400 nm)2/3 = 1.45 [Eq. (4)],
and this gives a first crude indication of the influence
of diffraction on fringe colors. It is necessary to
compare the diffraction width Afwith the shift associated with refractive dispersion in the water (or glass),
which is defined as A,. = 8, (400 nm) - 8, (700 nm).
This effect would cause the caustics to have blue
edges on their dark sides (the opposite of what
happens in the rainbow, which is a phenomenon of
minimum rather than maximum deflection). For

water, it follows from Eqs. (2) and (5) after a short
calculation that 8,, unlike the fringe size, does depend
on the maximum thickness H of the drop, and is
negative:

(8)
Dispersion (dn/dh = 3.50 x 10m4nm-l) implies7 that
Af - A, if H - 0.3 mm, and Af dominates for the
smaller drops that we are interested in and that are
common (this contrasts with rainbows, in which the
colors are usually dominated by refraction).
From formula (3), information about the colors of
caustics is contained in the function
I(A, 5, a) m Xm1i3Ai

5 + ah - AD>
P(A) .
p/3
I
1

(9)

In this formula e is a scaled caustic-crossing coordinate, and a is a parameter that quantifies the relative
importance of refractive dispersion and diffraction.
For a hanging water drop, these quantities are given
bY

6 = [0&)

- 0-j x 120670 nm2i3,

a = 6.5H2 nmm1i3 (H in mm),

(10)

where AD is the wavelength of yellow light. Note
that 5 is independent of H, apart from a shift in the
caustic direction 8, [Eq. @)I, which does not affect the
spacing of the fringes, but the refractive shift a does
depend on H. Here our main interest is in diffractiondominated caustics for which a is not large. For P(X)
we chose the spectrum of a blackbody with a temperature of 3063 K, modeling the quartz-halogen projector lamp8 used in the experiments.
It is worth remarking that the same theory with
negative a describes the colors of rainbows, where, if r
is the raindrop radius, e is related to angles in the sky
bY t = 6% - 0) x 20061r2/3 nm2i3 (r in millimeters),
anda = - 1.779r2/3 nmS1i3 (r in millimeters).
3.

Prediction

of Diffraction

Colors

For given a, the color at each point 5.in the pattern is
determined by calculating the three Commission
International de L’Eclairage (CIE) tristimulus values7:
xi(S,

a)

=

dH(&

6, a)%(h),

Here [Xi(A)) are the spectral tristimulus values that
are derived from the mixture of primary colors that
match a monochromatic light of wavelength A and are
related to the spectral responses of the three types of
cone in the eye of a standard observer. Y represents
the luminosity.
It is convenient to transform X and
Y into the CIE (1931) chromaticity coordinates x and
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y, which are defined by
x(& a) = X/(X

+ Y + Z),

~(6, a) = Y/(X

+ Y + 2).

(12)

The chromaticity locus [x(t), y(E)] as t varies represents the color (hue and saturation) across the caustic
specified by the parameter a; together with Y(e), this
locus encodes the color of the pattern.
Figure l(a) shows the luminosity Y, and Fig. l(b)
shows the chromaticity locus, for a = 0.2. (Similar
calculations of color loci have been given for interference colors, that is, cos2 fringes,g and rainbows, that
is, a < 0.10-12) When 1a 1 +Z 1, as in Fig. l(a), several
oscillations are visible on the negative (lit side of the
caustic) side of the luminosity curve, and these persist
beyond the interval shown. This explains why so
many fringes are visible. While a is increased to

a

1500

-300

-100

p

100

(a >

make refraction dominate diffraction, the oscillations
are quenched, so that the fringes disappear.
In Fig. l(b), end D of the chromaticity locus corresponds to the far dark side of the caustic [t = 100 in
Fig. l(a)]. Its large first few windings correspond to
the colors of the main Airy fringes. The small
windings far on the bright side (large negative 5) are
asymptotic to the (rather reddish) white of the quartzhalogen lamp (x = 0.43, y = 0.40); this was evident in
all our computations, and can be derived analytically
from expression (9) and Eq. (11) by the use of
asymptotics of the Airy function.
If the fringes were really black and white, the
chromaticity locus would either remain close to the
unsaturated center of the diagram, or else its excursions towards the saturated boundary (the locus of
spectral colors) would be correlated with the minima
of luminosity (meaning that colors were confined to
the dark fringes). Neither is true. Therefore the
fringes ought to be colored, appearances notwithstanding. It was not easy to get a clear idea of the
expected colors from Fig. 1, so we used the same
information to make computer simulations of the
colors (as has recently been done for the rainbow12).
This required transforming [X, Y, Z> to the RGB
inputs (between 0 and l), driving the red, green, and
blue phosphors on our (Apple high-resolution) monitor screen. The transformation is generated by a
constant matrix,13 which is determined by the tristimulus values of the screen’s red, green, and blue,
or alternatively by their chromaticity coordinates and
those of the screen’s white. We measured these
quantities and obtained the results in Table 1.
These imply the following transformation between
RGB and tristimulus coordinates:

b

08.

Y
06.

where
M -

9
(13
1

3.78 - 1.72 -0.57
- 1.20 -2.06
0.05
0.03 -0.19
0.76

which we used with expression (9) and Eq. (11) to

02.
Table 1. Measured Values of Luminosity and Chtomaticity
Coordinates
of Screen Phosphors”
and Whiteb of Apple Macintosh Color Monitor

Coordinates

0
0

02.

04.
(b)

06.

x

Fig. 1. (a) Luminosity
Y(s) across caustic, and (b) chromaticity
locus (thick curve), both calculated for a = 0.2. In (b), D marks
the dark end of the locus, the outer curve is the locus of pure
spectral colors and saturated purples, the triangle encloses the
color gamut of the monitor screen (vertices R, G, B anticlockwise
from right), and the filled circle represents the screen white.
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Color

Y

X

Y

Red
Green
Blue
White

22
75
12
102

0.60
0.29
0.15
0.27

0.34
0.58
0.07
0.29

“I& G, B] = (ho, 01,IO, hOI, and (0, 0, 11.
b(R, G, B) = 11, 1, 1). All values were measured with a Minolta
es-100 chroma meter (the values should be accurate to 25%).

create the basis for simulations of the caustics with
different a.
The sets of raw RGB values thus computed contained values greater than unity. To remove these,
each set was normalized by dividing by its largest
member. There were also some negative values,
reflecting diffraction colors outside the gamut of the
monitor screen [in Fig. l(b) such colors correspond to
points where the chromaticity locus lies outside the
triangle]. To eliminate the negative values, we simply replaced them by zero, a procedure that we found
to have little effect on the appearance of the simulations.
The final step in generating the simulations is to
apply gamma correction14 to correct for the nonlinearity of the screen. By measuring the brightness of the
screen for different RGB inputs and also white, we
found brightness a (R, G, or B)y, where y ranged from
1.85 to 1.95. To correct for this, we replaced all
computed (RGB) values by their 1/1.9th powers.
It is essential to apply this correction because it
makes a big difference to the simulations, but the
precise value of y (within the measured range) is not
important.
A simulation produced in this way and corresponding to a = 0.2 is shown in Plate 50; we produced many
others, for negative as well as positive a. The colors
depend on the refraction parameter a. For large 1a I,
no fringes are visible, and the colors vary smoothly
across the caustic; as mentioned above, this is the
case in which refraction dominates diffraction. A
curious feature for small negative values of a is that
the effects of diffraction and refraction almost cancel,
and several fringes are nearly monochromatic (a
reddish white); this is probably related to the white
rainbowl observed with water drops of radius r <
0.05 mm (although the simple Airy theory used here
applies only within the main maximum). The appearance of the colors is also sensitive to the choice of
illuminant and the monitor matrix M.
4.

Colors Revealed

The intensity and the variety of these predicted
colored fringes, together with their small angular size
[Eq. (7)], suggested that the black-and-white fringes
of Plate 49 are an illusion of perception and that
under sufficient magnincation the caustics would appear
in their true colors. To test this, we produced several
sets of black-and-white fringes (Plate 49 is an example)
by refraction through irregular bathroom-window glass.
The light source was a quartz-halogen lamp viewed
through a 0.3.mm-diameter pinhole subtending 1.7 min
at the glass, which was 600 mm away. The caustic was
generated from a 1 mm x 1 mm patch of the glass whose
irregularities were -2 mm (=W’) in lateral extent and
raised - 0.1 mm abovethe mean surface. From this we
estimate by using t(z) - (H/2)sin(2m/W) that the
maximum deviation (angular size of the caustic patterns)
is [from Eqs. (2)] - 3”, and the maximum fringe spacing
[from Eq. (4)] is - 10 min (i.e., rather larger than

those from hanging water drops). Both these values
are in the range observed.
These caustics were magnified 15-20~ by being
viewed through an eyepiece. This revealed abundant and subtle colors. The magnified images were
faint. This observation eliminates the possibility
that the fringes in the unmagnified caustics are black
and white as a result of rod, rather than cone, vision,
because then the magnified images, being fainter,
would be more rod dominated and therefore less
colored.
When the caustics and their colors were photographed, no lenses were necessary: the diffracted
light was allowed to fall directly on the film, and
magnification was achieved simply by moving the
camera further from the screen. Because of the
faintness of the light, long exposures were required
(up to 10 min). The colors are also visible in enlargements of photographs taken without magnification if
the grain size is sufficiently small to permit such
enlargements. For this we used Kodak Ektar 25,
whose resolving power for high-contrast images (on
the negative) is stated as 5 pm, which corresponds to
- 0.4 min in angle and so is adequate.
Plate 51 shows colors produced by a combination of
these techniques, that is, enlargement from a negative photographed by lensless magnification (of a
caustic in Plate 49). If Plate 51 is viewed from a
distance in bright light (e.g., daylight) the colors
disappear, and the fringes become black and white
again. The sequence of colors (black, white, yellow,
red, black, blue, green, yellow, red, blue, green,
red . . .) agrees quite well With that in Plate 50, whose
a value was chosen to get the best match.
The agreement between theory and. experiment is
not perfect. The widths of bands of color (particularli the white and the yellow in the main fringe) do
not-always match, and there are other 1subtle differences (for example, traces of additional interference).
A possible source of the mismatch is the difficulty of
getting accu.rate photographic and printed color reproductions of the caustics and the monitor screen (the
match is better when the optically magnified fringes
viewed by eye are compared directly with simulations
on the screen). It is clear, however, that the theory
is correct in its essentials.
5.

Discussion

It seems, then, that the illusion is the inability of the
eye to resolve differences of color on fine angular
scales where differences of intensity can be resolved.
This is not a new observation. Loss of color vision
for fine detail explains why it is hard to match the
colors of fabrics with single threads, and the phenomenon was exploited by- television engineers16J7 to
reduce the bandwidth of the channels that carry
chrominance signals relative to the channel that
carries luminance.
There have been several psychophysics experiments related to this phenomenon. Mullen8 found
that the bars of colored (e.g., red-green) isoluminant
20 July 1994 / Vol. 33, No. 21 / APPLIED OPTICS

4717

gratings were less easy to discriminate than those of
monochromatic
gratings with luminosity
contrast.
For high contrast, the smallest bar spacing that could
be resolved in the colored gratings was - 10 min
compared with - 2 min for the monochromatic grating. The spacings of our black-and-white
fringes
often lie between these values in the range where
intensity variations, but not color variations, can be
resolved.
In Mullen’s
experiments
the effects of
color were separated from those of luminosity, and so
they should not be compared directly with our observations, in which strong and rapid variation of color
and lumunosity coexist.
Earlier, the perception of combined color and luminance variations had been investigated by Hilz and
Cavoniuslg and Hilz et aZ 2o They found (for several
grating spacings covering the range of interest to us)
that hue discrimination
was improved in the presence
of a small luminance contrast C [which is defined as
- 1min)/(lmm + I,;,)].
However, this improve(I
rnZ% did not persist as C was further increased.
Color discrimination
was best for C - 0.05 (logluminance
increment = 0.045) and deteriorated
rapidly for larger C (see Fig. 3 of Ref. 20). The
largest luminance contrast they studied was -0.2
(log-luminance
increment = 0.18); this is much
smaller than the contrast of our brightest fringes,
which is close to unity (Fig. 1 and Plate 49).
Therefore these experiments also should not be compared directly with our observations, although the
effects, and also those studied by Mullen, are probably
closely related.
There may be few situations in nature for which it
is important to resolve fine spatial color differences in
a field that also varies in brightness on the same scale.
If so, the poor spatial resolution of color differences,
compared with luminance resolution, carries little
On the contrary, the illubiological disadvantage.
sion reported here might serve a useful purpose, and
we offer the following speculation, based on a suggestion of Gregory.21 The illusion could be related to
the strategy of the visual system for compensating
the severe chromatic aberration of the eye22 (which
can be demonstrated simply23y24). The price of not
seeing colors that are artifacts of chromatic aberration (e.g., at the edges of objects) could be that some
real colors are not seen, as in the fine fringes studied
here.
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