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Abstract. The wave from an isotropic point source in two and three
dimensions is separated into its homogeneous (H) and evanescent (E) parts,
with respect to a distinguished direction z, and the far � eld r ! 1 evaluated
asymptotically as a function of polar angle ³. Only in the ‘forward needle’ ³ ˆ 0
(three dimensions) and the transverse directions ³ ˆ p=2 (two and three
dimensions) is the E wave of comparable strength to the H wave. Uniform
asymptotic approximations (in terms of Bessel functions and Fresnel integrals)
accurately interpolate between these directions of signi� cant evanescence and
all other angles (where the amplitude of E relative to H decays as 1=r1=2). The
forward needle in three dimensions is analogous to glory scattering.

1. Introduction
Recent papers, in this journal [1, 2] and elsewhere [3], have investigated the

contribution of evanescent waves to the far � eld of a propagating wave, represented
as the superposition of plane waves with transverse wavevectors K, relative to a
distinguished (‘forward’) direction z in the space r ˆ fx; y; zg. If the � eld is
monochromatic, with wavenumber k, the component plane waves separate
naturally into two classes: homogeneous (H) waves, with K ˆ jKj < k, and
evanescent (E) waves with K > k. The separation depends on the choice of
forward direction. Sometimes this is determined naturally by the physics, for
example when the beam is paraxial, or when there is a plane di� racting screen. If
there is no physically distinguished direction, the separation is to some degree
arbitrary.

Since the E waves decay exponentially with increasing z, it is natural to
conclude that they do not contribute to the far � eld kr ¾ 1, where r ˆ jrj, and
indeed it is true that they can safely be neglected in most circumstances. However,
it has been shown [3] that for waves in three dimensions there are two cases where
the evanescent waves do contribute signi� cantly to the far � eld, namely the
forward direction R ˆ …x2 ‡ y2†1=2 ˆ 0, kz ¾ 1 and the transverse directions
z ˆ 0, kR ¾ 1.

My purpose here is to study more closely the neighbourhood of these special
directions of signi� cant evanescence, to establish the angular widths and precise
analytical descriptions of the ‘forward needle’ and ‘transverse sheet’, in the
asymptotic limit kr ¾ 1. Of course, both phenomena occur only when the
spectrum of plane waves contains contributions from K ˆ k—more physically, if
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the wavefront in the plane z ˆ 0 (or a refracting or re¯ecting object that generates
this) has structure on scales including the wavelength 2p=k. Here this requirement
will be incorporated in the simplest way, by studying a scalar wave emanating
isotropically from a point source at the origin r ˆ 0 (higher multipole sources, and
sources of vector waves, can be constructed by taking appropriate derivatives).

It will turn out that the transverse sheet is in a sense more fundamental than the
forward needle, because the sheet exists for waves propagating in two and three
dimensions, whereas the needle is absent for two-dimensional propagation.

From now on, we set k ˆ 1 without loss of generality; this is equivalent to
measuring distances in units of (wavelength=2p).

2. Three dimensions

The wave is

Á3…r† ˆ exp …ir†=r

ˆ i

2p

…1

1
dKx

…1

1
dKy

exp fi‰K· R ‡ z…1 K2†1=2Šg
…1 K2†1=2

ˆ i

…1

0

dKK

…1 K2†1=2
exp fiz…1 K2†1=2gJ0…KR†

ˆ Á3H…R; z† ‡ Á3E…R; z†; …1†

where R ˆ …x; y† and the square roots are positive real for K < 1 and positive
imaginary for K > 1. The H and E contributions correspond to splitting the K
integration into the ranges ‰0; 1Š and ‰1; 1Š respectively; it is possible to express
these two integrals in terms of Lommel functions [4], but for present purposes it is
convenient to proceed di� erently.

Now we write R ˆ r sin ³, z ˆ r cos ³, and study the asymptotics of Á3E as
r ! 1 as a function of polar angle ³. It is convenient to multiply the purely real
function Á3E by r, that is (after a change of integration variable)

E3…r; ³† ² rÁ3E…R; z† ˆ r

…1

0

dQ exp … Qr cos ³†J0‰r sin ³…1 ‡ Q2†1=2Š; …2†

so that directions where E3 is of order unity correspond to directions where the E
wave is comparable with the H wave, that is non-decaying. Two such directions
have been identi®ed [3]:

E3…r; 0† ˆ 1 (forward needle); E3…r; 1
2
p† ˆ cos r (transverse sheet): …3†

For all other directions, the large-r behaviour can be obtained by replacing J0

by its large-argument asymptotic approximation, and noting that the resulting
integral is dominated by the lower limit Q ˆ 0. Thus

E3…r; ³† º 2

pr sin ³

³ 1́=2 cos …r sin ³ 1
4
p†

cos ³
…r ¾ 1; ³ not near 0 or 1

2
p†; …4†

showing that indeed E is dominated by H almost everywhere in the far ®eld. The
asymptotic result (4), and the special cases (3), have been augmented by elaborate
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asymptotic expansions [5], not only for the monopole source wave (1) but for
general plane-wave superpositions.

Now a more precise description will be obtained, in the form of two uniform
approximations. The � rst includes the forward needle in (3), and matches
smoothly onto the asymptotic form (4); that is, it is valid everywhere except
near ³ ˆ p=2. This is obtained by noting that in this range (2) is dominated by
the lower limit Q ˆ 0 even if J0 is not replaced by its asymptotic approximation.
Thus

E3…r; ³† º J0…r sin ³†
cos ³

…r ¾ 1; 0 4 ³ < 1
2p O…r1=2††; …5†

as obtained previously [6]. Approximating J0 by its leading-order asymptotics
reproduces (4) and shows that the angular width of the forward needle is O…r 1†.

The second uniform approximation includes the transverse sheet in (3), and
matches smoothly onto the asymptotic form (4); that is, it is valid everywhere
except near ³ ˆ 0. It is obtained by noting that away from ³ ˆ 0 the Bessel function
can still be approximated, but as ³ approaches p=2 a saddle approaches Q ˆ 0 along
the negative imaginary axis and dominates the contribution from the endpoint.
The standard technique [7, 8] for approximating such integrals, in which a saddle
and an endpoint can coalesce as a parameter varies, is to change to a new variable
X by mapping the exponent onto a quadratic function. In the present case, the
appropriate formula is
…1

0
dXg…X† exp … AX ‡ iX2† º p1=2

2
g… 1

2 iA† exp f1
4 i…A2 ‡ p†g Erfc f1

2 exp …i14p†Ag

‡ 1
A

‰g…0† g… 1
2 iA†Š: …6†

(The error function can be expressed in terms of Fresnel sine and cosine integrals
of real argument.) Applied to (2), formula (6) gives the uniform approximation

E3…r; ³† º Re ‰exp …ir† Erfc fexp …1
4 ip†…2r†1=2 sin …1

4p 1
2³†gŠ

‡
cos …r sin ³ 1

4p†
…2pr†1=2

£ 2

cos ³…sin ³†1=2

1

sin …1
4p 1

2³†

Á !
…r ¾ 1; O…r1=2† < ³ 4 1

2p†: …7†

Approximating Erfc by its leading-order asymptotics reproduces (4) and shows
that the angular width of the transverse sheet is O…r 1=2†.

Figure 1 shows how accurately the two uniform approximations (5) and (7)
overlap to describe the evanescent wave over the whole angular range, even for
rather small values of r.

3. Two dimensions
Instead of (1), the monochromatic Green function in two dimensions

(r ˆ …x; z†) is

Asymptotics of evanescence 1537



Á2…r† ˆ i

4
H …1†

0 …r† ˆ i

2p

…1

0

dK

…1 K2†1=2
exp ‰iz…1 K2†1=2Š cos …Kx†

² Á2H…x; z† ‡ Á2E…x; z† º
expfi…r ‡ 1

4
p†g

2…2pr†1=2
…r ¾ 1†: …8†

Again the H and E contributions correspond to splitting the K integration into the
ranges ‰0; 1Š and ‰1; 1Š respectively. We write x ˆ r sin ³, z ˆ r cos ³, and study the
asymptotics of Á2E as r ! 1 as a function of polar angle ³. Now a convenient
normalization and change of integration variable gives the two-dimensional
analogue of (2), namely

E2…r; ³† ² 2…2pr†1=2Á2E…x; z†

ˆ 2r

p

³ ´1=2…1

0

dQ

…1 ‡ Q2†1=2
exp … Qr cos ³†

£ cos ‰r sin ³…1 ‡ Q2†1=2Š: …9†

The presence of the cosine factor, rather than the Bessel function in three-
dimensional analogue (2), means that there is no forward needle. The E wave
reaches values comparable with the H wave only in the transverse directions

³ ˆ §p=2, where (9) takes the limiting value
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Figure 1. Amplitude of evanescent wave in three dimensions as a function of direction,
for (a)±(c) r ˆ 10 and (d)±( f ) r ˆ 50. Thick curves: exact computations from (2);
thin curves: (b) and (e) Bessel approximation (5) (uniformly interpolating between
the forward needle and larger angles), and (c) and ( f ) Fresnel approximation (7)
(uniformly interpolating between the transverse sheet and smaller angles).



E2…r; §1
2
p† ˆ pr

2

± ²1=2
Y0…r† º cos …r ‡ 1

2
p† …r ¾ 1† (transverse directions):

…10†

For all other directions, including ³ ˆ 0, the large-r behaviour can be obtained by
noting that the resulting integral is dominated by the lower limit Q ˆ 0. Thus

E2…r; ³† º 2

pr

³ ´1=2cos …r sin ³†
cos ³

…r ¾ 1; 0 4 ³ < 1
2
p O…r1=2††: …11†

The divergence of this approximation for transverse directions can be elim-
inated by uniformizing as in section 2, using the result (6). Applied to (9), it yields
the analogue of (7), now valid over the whole angular range:

E2…r; ³† º Re ‰exp fi…r ‡ 1
4
p†g Erfc fexp …1

4
ip†…2r†1=2 sin …1

4
p 1

2
j³j†gŠ

‡ cos …r sin ³†
…2pr†1=2

2

cos ³

1

sin …1
4
p 1

2
j³j†

Á !
…r ¾ 1†: …12†

Figure 2 shows how accurately this uniform approximation describes the
evanescent wave over the whole angular range, even for rather small values of r.

4. Discussion
The main results of this paper are the uniform asymptotic formulas (5) and (7)

(three dimensions) and (12) (two dimensions) for the angular dependence of the
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Figure 2. Amplitude of evanescent wave in two dimensions as a function of direction,
for (a) r ˆ 3 and (b) r ˆ 50. Thick curves: exact computations from (9); thin curves:
Fresnel approximation (12) (in (b) the approximate curve is indistinguishable from
the exact curve).



far-� eld behaviour of the evanescent part of the wave from an isotropic point
source. The formulas interpolate smoothly between the directions of signi� cant
evanescence (formulas (3) and (10)) and the other directions (formulas (4) and (11))
where the E wave is asymptotically negligible in comparison with the H wave.

An interesting outcome of the analysis is that the forward needle identi� ed
previously [3, 6] exists in three dimensions but not in two. This is because the
needle is an axial focusing e � ect with the same geometrical origin as the glory
[9, 10]: contributions from di� erent azimuths in the double integral (1) add
coherently in the forward direction. In the present case, the contributions are
neither H waves associated with geometrical rays, as in quantum glory scattering
[11, 12], nor E waves associated with creeping rays, as in the optical glory [10], but
lie on the boundary of evanescence K ˆ 1.

The forward needle (in three dimensions) and the transverse directions are
signi� cant, in the sense that the E waves give contributions comparable with the H
waves. However, the corresponding angular widths get smaller as r increases, so
these phenomena do not contribute to the total scattering cross-section, and in that
sense are ‘just mathematical oddities’ [3].

For large r these particular E waves appear and disappear suddenly as a
parameter (in this case ³) varies. This has led to the opinion [3] that signi� cant
evanescence is analogous to the Stokes phenomenon [13-15] of asymptotics.
However, the analogy is misleading, because of the absence of two essential
characteristics of the Stokes phenomenon: small exponentials that appear and
disappear in the presence of large exponentials, and divergent asymptotic series. It
might be thought that the common occurrence of the error function in the
analytical description of both the Stokes phenomenon [15] and transverse
signi� cant evanescence (equations (7) and (12)) would support the analogy, but
the arguments appear di� erently (real in the case of the Stokes phenomenon, and
with phase p=4 for evanescence).

Finally, it is worth noting a curious implication of the present analysis. Imagine
a wave created at z ˆ 0 with the (singular) form Á3E…R; 0† ˆ …cos R†=R or
Á2E…x; 0† ˆ Y0…jxj†=4, the normal derivative being adjusted so that there are no
backward-propagating contributions, and then allowed to propagate into the half-
space z > 0. Such a wave would be purely evanescent, and its far-� eld scattering
amplitude would vanish everywhere except in the directions of signi� cant
evanescence described above. (There is no energy accounting problem because
this wave is purely real and so carries no current.) The situation is somewhat
analogous to certain modes in enclosures [16] that can be constructed entirely from
evanescent plane waves.
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