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Indistinguishable spinning particles

Michael Berry, Department of Physics, Bristol University

The lecture was based on recent work with Jonathan Robbins, published in

three papers [1-3].

The quantum physics of identical particles is embodied in the

connection between their spin and their behaviour under exchange (or, for

more than two particles, under permutation): for bosons, the wavefunction is

invariant, and for fermions it changes sign (as in the Pauli principle for

electrons). This is the connection between spin and statistics: for two

particles with spin S, the state acquires a factor (-1)2S under exchange.

The common opinion is that the origin of the spin-statistics connection

lies in relativity or at least field theory [4, 5], and that attempts to explain it

nonrelativistically are doomed. However, the connection can be obtained

from elementary quantum mechanics, without relativity or field theory, as

the simplest implementation of the following physically natural procedure.

The indistinguishability of the particles can be incorporated by

extending Leinaas and Myrheim’s argument for spinless particles [6], and

identifying points in the configuration space related by permutation of

particle positions. It is necessary to incorporate spin by requiring that the

spin states are automatically permuted along with the positions.  When this

is done, it is natural to demand – as elsewhere in elementary quantum

mechanics - that the wavefunction is singlevalued under the permutation,

because this represents a physical situation identical to the original.
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However, the usual representation of many-particle states cannot be

used, because it does not incorporate the automatic permutation of spins

along with the positions; it is a basis in which the spins states are fixed.

Therefore it is necessary to apply a position-dependent unitary

transformation to a new (‘transported’) basis for the spin states, in which

these depend smoothly on position so as to accomplish the desired

exchange. In the transported basis, the spin states acquire a sign change

under permutation of the positions on which they now depend. On

transforming back to the conventional fixed-spin representation, this sign is

transferred to the full wavefunction, and is therefore a candidate for the sign

in the spin-statistics connection.

There are many ways in which the transported basis can be

constructed, and they correspond to different spin-statistics connections.

However, the most natural procedure, physically and mathematically [7],

leads automatically and without artifice to the correct spin-statistics

connection. This is based on extending Schwinger’s representation of a

single spin [8, 9], in terms of two harmonic oscillators, to N spins, when

there are 2N oscillators.  In this formalism, the permutation sign ((-1)2S for

two particles) can be regarded as a geometric phase, associated with the

separation of the position and spin parts of the state.

Originally [1], the construction was carried out explicitly for two

particles; for N>2, the argument was implicit: it was shown that the

Schwinger-based construction must lead to the correct sign, if it can be

carried out without singularity. This gap has been filled in recent work by

Atiyah [10, 11], who has provided several explicit constructions, that turn

out to be mathematically interesting.

The conventional relativistic or field-theoretic arguments are based on

certain requirements, such as the avoidance of catastrophes like causality

violation or infinitely negative energies. There is of course no suggestion

that these arguments are wrong. Indeed, if the elementary derivation
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outlined here can be put on a firmer foundation, so that spin-statistics is

more fundamentally embedded in elementary quantum mechanics than had

previously been thought, the intriguing possibility arises that the

conventional arguments could be run in reverse, to demonstrate that

caussality and energy-positivity are inevitable in field theory – surely a more

satisfactory situation than having to impose these requirements.
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