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Polarization singularities in paraxial and nonparaxial fields

M.R. Dennis, M.V. Berry

H H Wills Physics Laboratory, Tyndall Avenue, Bristol BS8 1TL, United Kingdom
E-mail: mark.dennis@bristol.ac.uk

The generic singularities of electromagnetic waves where polarization is important are places of
pure circular polarization (C points and lines), and pure linear polarization (L points and lines)
[1]. The local structure of these is very rich, and provides topological information about the
polarization structure of the rest of the field. These singularities occur in fields composed of
superpositions of plane waves (gaussian random vector waves), which provide a convenient tool
for studying their properties.

In paraxial fields, the field is assumed transverse and the electric fieldE = (Ex, Ey), has noEz

component. In this case, circular polarization along lines in space, or points in a transverse section
(C points). Linear polarization occurs on surfaces in three dimensions, or lines in two (L lines),
dividing the field into regions of right and left handedness. In isotropic random paraxial waves,
the planar densities of these polarization singularities are [2]
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wherek2 is the mean square wavenumber of the transverse wave spectrum.

In nonparaxial fields, the electric fieldE = (Ex, Ey, Ez) is a three-dimensional complex vector
field. In this case, both circular polarization and linear polarization occur along lines in space
(C lines, L lines), crossing the plane at points. In isotropic random three-dimensional waves, the
densities of these C points is found to be [3]
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and the L line density numerically close to this (< 2% agreement). It is interesting to note that the
densities of paraxial and nonparaxial C points, although rather different in analytic form, should
also be very numerically close (< 0.6%). It is not known why these values should be so close.

The fundamental difference between paraxial and nonparaxial polarization fields and their singu-
larities can be understood from the appropriate sphere representations. The use of the Poincaré
sphere to represent transverse fields is well-known; since the field has only two components (x-,
y- components, or right- and left-handed), it is equivalent to a spin-1/2 spinor and the Poincaré
sphere to the Bloch sphere. However, in nonparaxial waves, there is no transverse direction, and
the field has three components: its spin 1 nature is represented by the Majorana sphere [4], and C
and L lines have a simple geometric and algebraic interpretation [5]. This interpretation may be
generalised to other spin fields, such as fields of gravitational radiation.
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