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Abstract: Near an optical vortex, the current lines typically form near-circular spirals. Near a 
cluster of vortices, the wave intensity and phase can vary on arbitrarily small sub-wavelength 
scales. Quantum vacuum effects soften the singularity.  
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1. Introduction 

My aim here is to describe three aspects of waves in the immediate neighbourhood of an optical vortex; this is a 
point in the plane, or a line in space, alternatively described as a phase singularity, a nodal manifold, or a wavefront 
dislocation [1-3]. 

The first is based on the fact that the term ‘optical vortex’ refers to the circulation of lines of current (Poynting 
vector) around the singularity. A closer study [4] (section 2) shows that close to the singularity the current lines are 
almost circles, but spiral slowly inwards or outwards in the plane, while migrating, less slowly, along the direction 
of the singularity line in three dimensions.   

The second concentrates on the superficially surprising fact that near the singularity (section 3) waves can vary 
arbitrarily faster than the wavelength, even for non-evanescent superpositions of plane waves with the same 
wavelength. This is not paradoxical, since such such ‘faster than Fourier’ [5, 6] behaviour occurs in 
‘superoscillatory’ regions where the wave amplitude is small.  

And third, deepening the physics by including quantum effects [7] (section 4) reveals the singularity as a 
window, through which can be glimpsed the faint glimmering of the quantum vacuum. Close to the singularity, the 
exact zero of a mode in classical wave physics, detectable for example as stimulated emission of an excited atom, is 
obscured by spontaneous emission into nearby unoccupied non-vortex modes.  

This contribution is an integrated summary of published papers, whose description formed part of my 
presentation at the QCO-9 (2007) Rochester meeting.   

2. Spiralling currents   

For the complex scalar wave in the plane r={x,y}, namely 
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" r( ) = # r( ) exp i$ r( ){ } ,                                                                      (1) 

the current is  
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j r( ) = Im" * r( )#" r( ) = $ r( )
2
#% r( ) .             (2) 

This real vector field, directed perpendendicular to the wavefronts χ=constant, arises in several contexts. For 
electromagnetism in the plane without free charges, 
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"#E = 0,   i.e. E r( ) = "$ % r( )ez[ ] ,             (3) 

 and j equals the Poynting vector of (time-averaged) energy flow, namely 
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S r( ) " Re E *#H[ ] .              (4) 

For linearly polarized light in three-dimensional space,  
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E r( ) =" r( )ez ,              (5) 

and j is the component of S(r) perpendicular to the z direction. And for quantum states 

! 

"  representing waves in 
space, the current (2) is the local expectation of the momentum operator: 
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We study the geometry of the current lines, close to  a vortex, where the smooth function ψ(r) vanishes. The 
lines are defined by 
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˙ r = j r( ) .              (7) 

It is necessary to expand to third order in the distance r from the vortex, which without loss of generality we locate 
at r=0. The expansion is 
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" r( ) = ci xi + cij xi x j + cijk xi x j xk +K# c $r + r $C $r + cijk xi x j xk +K,            (8) 

Here i, j, k take the values 1 (x component) or 2 (y component), and the summation convention is employed. c is a 
complex vector, C is a complex symmetric matrix, and cijk is a complex fully symmetric third-rank tensor. Since the 
lines are close to circles, their geometry is conveniently represented using polar coordinates, as the solution of 
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which follows from (7). 

In the limit when only the vector c is retained in (8), (9) gives dr/dφ=0, that is, the flow lines are circles, and this 
justifies the term optical vortex for these phase singularities. (In general, the contours of intensity 

! 

"
2 resulting from 

(8) are ellipses, but in lowest order the j lines are exactly circular.) When the quadratic and cubic terms in (8) are 
included, dr/dφ  is no longer zero; in general, the flow lines are not circles and are not closed, and the exact 
integration of  (9) does not seem possible in closed form. But dr/dφ is small, justifying adiabatic averaging. Some 
calculation (**) shows that corrections to  the circles vanish to orders r and r2, and  
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where  

                                  
  

! 

K =
2 Im TrC( )c *[ ] " Im C†

#c[ ] #ez
Im c* "c #ez[ ]( )

2
+

3Imci*cijj

2 Im c* " c #ez[ ]
.          (11) 

This describes spiralling: following the flow lines in the positive φ direction, the current spirals outwards if K>0 and 
inwards if K<0. Asymptotically close to the vortex, where (10) applies, the spiralling is very slow: winding once 
round the origin, that is Δφ=2π, the change in radius Δr∝r3.  



Exceptionally, K=0 and there is no spiralling. This occurs, for example, for waves satisfying the Helmholtz 
equation in the plane, namely ∇2ψ(r)+g(r)ψ(r)=0 where g(r) is real; then ∇.j=0, j can be represented in the form 
∇×(f(r)ez), and the flow lines - closed - are the contour lines f(r)=constant.  In some cases where there is spiralling, 
the flow equation (9) can be integrated exactly,without adiabatic averaging. For example, in the angular-momentum 
eigenstate 
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" r( ) = exp im#( )F r( ) ,             (12) 

where F(r) is a complex function of the form rm times a smooth function of r2, the result (10) holds without 
averaging, and the flow line through r0, f0 is   
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For waves in three dimensions, (10) describes the projection of the current lines on planes perpendicular to the 
vortex line. In addition, the current lines generally migrate in the direction z along the vortex line, so the lines are 
helices rather than plane spirals. Calculation based on 
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j z = ˙ z ~
dz
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gives the pitch of the helix as 

                                                                                      

! 

"z ~ r
2 .             (15) 

Therefore the helix is tightly wound, and, since r2>>r3, the flow lines wind locally on a cylinder. 

3. Exactly zero? Yes 

On a vortex, ψ is exactly zero. Since the phase χ(r) in (1) changes by a multiple of 2π around the vortex, the 
spatial variation of the phase must be infinitely fast at the vortex itself, and faster than the wavelength close to the 
vortex. This is superficially surprising because it contradicts the conventional view that quantities describing waves 
cannot vary on sub-wavelength scales.  Moreover, in clusters of vortices generated by perturbation of a high-order 
vortex, the intensity as well as the phase can vary on sub-wavelength scales. An explicit example is the perturbed 
Bessel beam 
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" r( ) = JN kr( ) exp iN#( ) +$J0 kr( ) .           (16) 

This is a superposition of plane waves with wavelength λ=2π/k. Nevertheless, ψ represents a ring of N vortices in 
which the distance between neighbours, 
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can be arbitrary small. For example, if N=10 and ε=10-7 , Δ≈0.18λ.  

It has been argued [8] that the sub-wavelength variation makes such close clusters of vortices impossible. This is 
clearly wrong, because waves like (16) are acceptable solutions of the wave (Helmholtz) equation in the plane, and 
three-dimensional analogues can easily be constructed. One possible explanation for the sub-wavelength variation is 
that a wave containing a vortex is the circular equivalent of an evanescent wave, which varies faster than the 
wavelength in one direction and decays in the perpendicular direction; in a vortex, the fast variation would be 



azimuthal and the decay would be radially inwards, vanishing at the vortex itself.  But although this might apply in 
some cases, it cannot be a general explanation, because many wavefunctions - (16) is an example – are 
superpositions of nonevanescent (i.e. propagating) plane waves. 

The true general explanation of the fast variations is that the waves near vortices are examples of 
‘superoscillatory functions’ [5]). These are band-limited functions that can vary arbitrarily faster than their largest 
Fourier component, over arbitrarily long ranges; in the present case, the limitation is the wavenumber k. This 
behaviour is not paradoxical because in their superoscillatory regions such functions are exponentially small, with 
an exponent depending on the number of superoscillations. Several ways of constructing superoscillations have been 
published. Waves near vortices constitute another class. For the wave (16), for example, on a path passing through 
the cluster of vortices the real and imaginary parts of ψ oscillate N times, and the magnitude of |ψ| in the oscillatory 
region is of order ΔN.  

The study of superoscillations originated in constructions of quantum ‘weak measurements’, leading to values 
for observables that lie outside the spectrum of the corresponding operators [9, 10]; for example, it was envisaged 
that a gamma ray could emerge from a small hole in a box containing only red light. Similar constructions [6, 11] 
have led to proposals for sub-wavelength optical resolution without evanescent waves.  

4. Exactly zero? No 

Singularities are places where physical theories break down. If a deeper theory is available, it describes how the 
singularities get smoothed away [12, 13]. Thus, the singularities of families of light rays are caustics, and these are 
smoothed by diffraction, the simplest model being the scalar approximation of physical optics. The new concept 
thus introduced is phase; this has its own singularities, namely optical vortices. These singularities are themselves 
smoothed away, by at least two effects. First is the passage from scalar to vector wave optics; the new concept thus 
introduced is polarization, whose singularities, replacing the dissolved vortices, are the lines of perfect linear and 
circular polarization [14, 15]. Here the second and deeper physical correction to physical optics will be outlined, 
namely its replacement by quantum optics. 

 Quantum optics introduces vacuum fluctuations, which can be expected to destroy the perfect zero at a classical 
vortex. One way to see this effect is to explore the field near the vortex with an excited atom, and see how the light 
it emits depends on position. If the field consists of a single mode occupied by many photons (classical light), with 
all the other modes being in their vacuum state, the intensity is the sum of two contributions. The first is stimulated 
emission, proportional to the intensity of the occupied mode and therefore vanishing at the vortex itself. The second 
is spontaneous emission into the unoccupied modes within the linewidth of the atom that is probing the field; this is 
negligible at most positions, but could be detected very close to a vortex core where it is the dominant contribution. 

Thus the effect of the vacuum is to blur the vortex with a quantum core. Its simplest characterization is the radius 
RQ of the cylinder within which spontaneous emission dominates. This has been calculated [7], so only the result 
will be given here. It involves the frequency ω of the vortex mode, the linewidth Δω of the atom, and the constant C 
in the classical energy density CR2 at distance R from the vortex. Because spontaneous emission is a quantum 
electromagnetic effect, RQ also depends on   

! 

h  and c. The theory gives 
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2% 2c3C
.                          (18) 

This is a fundamental effect, that should be accessible experimentally. For example, for a 5mW He-Ne laser 
sculpted into an l=1 Laguerre-Gauss mode with waist radius R0=100µm, detected by a hydrogenic atom with 
linewidth Δω~5x106s-1, RQ~1µm~0.01R0. 

In these quantum cores, spontaneous emission from the quantum vacuum is an additive effect, superposed on the 
stimulated emission exhibiting the vortex. Thus, the quantum decoration of optical vortices is considerably simpler 
than the softening of other singularities in physics, such as the ‘diffraction catastrophes’ [1, 16] that decorate the 
caustic singulariites of ray optics; perhaps this is because the scalar wave equation representing classical light is 



linear. However, the radius (18) is the most elementary characterisation of the quantum core; other properties of the 
core might involve more sophisticated asymptotics. 

In vector wave optics, there are, generically, no optical vortices. Instead, there are polarization singularities, and 
there must be associated quantum effects, analogous to the quantum cores considered in this section. These are being 
invetigated now. 
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