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Abstract
For scalar light, the current is the familiar expectation value of the intensity-weighted
momentum operator. Current is distinct from the local wavevector (not weighted) that could be
observed by means of quantum weak measurement. For vector light, the current (Poynting
vector) contains an additional term corresponding to the photon spin, recently identified for
paraxial light by Bekshaev and Soskin but valid generally after a modification to restore
‘electric–magnetic democracy’; this term has physical consequences. A number of examples
demonstrate that there is usually no connection between optical vortices and angular
momentum, and between C singularities and angular momentum. The optical wave current is
distinct from the rays of geometrical optics in all nontrivial cases.
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1. Introduction

The notion of energy flow (i.e. current) in optical fields is not
entirely straightforward, even in vacuum or isotropic materials,
and there are some misconceptions about it. Here I attempt to
clarify the situation and dispel the misconceptions. Many of
the arguments are general, but for simplicity I restrict myself
to monochromatic waves in free space.

For scalar waves, a natural definition of the direction of
the current in free space is the intensity-weighted wavevector
(local expectation value of the linear momentum) normal to
the wavefronts (section 2.1). The current gives the time-
averaged force on a small particle, while the wavevector would
give the force from individual photon impacts, in a quantum
weak measurement. The current swirls around its singularities,
which are the optical vortices. A common opinion is that the
vortices are associated with, and even determine, the angular
momentum of the field (see the papers in [1]). However,
general arguments and specific counterexamples demonstrate
that this is not the case (section 2.2). Another misconception is
that the streamlines of the wave current can be associated with
the rays of geometrical optics, but except in trivial cases there is
no such association, even in the short-wave limit (section 2.3).

For vector waves, the familiar choice of the Poynting
vector to represent the optical current is not straightforward
(appendix C). Nevertheless, I make that choice here. A
decomposition of the Poynting vector into orbital and spin
(polarization) contributions, recently described for paraxial
fields by Bekshaev and Soskin [2], can be generalized to
nonparaxial fields (section 3.1), but the generalization is
natural only after a modification to make it symmetrical

in the electric and magnetic fields (‘electric–magnetic
democracy’). There have been attempts to represent the vector
electromagnetic fields by a single scalar wave [3, 4], but
in general these attempts must fail to reproduce the local
Poynting current (section 3.2). Paraxially (section 3.3), the
decomposition into orbital and spin parts is valid [2], and
automatically incorporates electric–magnetic democracy. The
spin current gives rise to distinctive features, even for a
superposition of two plane waves (section 3.4). Another
misconception [2] is that one can suppose that the circular
polarization singularities of each of the separate helicity
components of the electric field (C points in plane sections
of the field) are associated with angular momentum, the other
helicity component being insignificant. In general, however,
there is no such association (section 3.5), a claim reinforced
by consideration of the vorticity of the Poynting current
(section 3.5).

Most of the numerical illustrations to be presented here
will involve superpositions of ten plane waves, specified
precisely in appendix A. In the cases considered here, the
trajectories of the optical current can be calculated easily as
contour lines of a stream function, as explained in appendix B.

Often, it will be necessary to separate transverse
coordinates x , y and the longitudinal coordinate z; for this,
convenient notation is

r = {x, y, z} = {R, z}, R = {x, y},
∇3 = {∇, ∂z}, ∇ = {∂x , ∂y},

(1.1)

and, for associated vectors:

V3 = {V , Vz}, V = {Vx, Vy}. (1.2)
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Further useful notation, for a gradient involving two
vectors, will be

C3 = A3 · (∇3)B3. (1.3)

Here the scalar product · links the vectors A3 and B3, and
the gradient is external; explicitly,

C3i = (A3 · (∇3)B3)i =
3∑

j=1

A j
∂

∂xi
B j . (1.4)

The two-dimensional counterpart C = A · (∇)B is defined
similarly.

2. Scalar wave current

2.1. Definition and streamlines

For a scalar wave, written in terms of modulus and phase as

�(r) = ρ(r) exp {iχ(r)} , (2.1)

the current is defined as

J3(r) = Im(�∗∇3�) = ρ2∇3χ. (2.2)

It is easily confirmed that for waves in free space, in which �
obeys the Helmholtz equation,

∇3 · J3 = 0. (2.3)

In general, the current streamlines, that is lines tangent to J3

at each point, must be calculated by integrating the trajectory
equations

ṙ = J3(r) (2.4)

(for a recent calculation of streamlines for twisted beams,
see [5]).

The expression (2.2) looks natural when written in
notation deliberately evocative of quantum mechanics, namely

J3(r) = 〈�|p̂3(r)|�〉, (2.5)

in which 〈· · ·〉 is an expectation value (integral over the r
space), and p̂3(r) is the Hermitian local momentum operator

p̂3(r) = 1
2

(
δ(r̂ − r)p̂3 + p̂3δ

(
r̂ − r

))
, (2.6)

in which, in position representation,

p3 = −i∇3. (2.7)

Because of the restriction to the point r, J3(r) is the
local momentum density rather than the local momentum,
i.e. wavevector (see the last paragraph of this section for more
discussion of this).

As a first illustration of the scalar current, it is convenient
to consider waves of the form

�(r) = exp{ikzz}ψ(R), (2.8)

corresponding to nondiffracting beams [6, 7] in which all
plane wave components have the same z component of the
wavevector. A similar representation, withψ depending slowly

Figure 1. Current streamlines (thick) and wavefronts (thin), for
scalar superposition ψ− of N = 10 plane waves (data in
appendix A), showing five optical vortices in one square wavelength.
Inset: azimuth directions of the plane waves.

on z as well as R, applies to paraxial fields; in this case, kz is
the wavenumber k. We write ψ as a superposition of N plane
waves:

ψ(R) =
N∑

n=1

γn exp {i(Kn ·R + φn)}, (2.9)

with random directions, amplitudes and phases chosen as
described in appendix A. The current can be decomposed into
its transverse and longitudinal components (cf (1.2)):

J3 = J + Jzez, J = Imψ∗∇ψ, Jz ≈ kz|ψ|2.
(2.10)

Figure 1 shows the current streamlines for the wave (2.8),
as well as the wavefronts argψ = constant (mod 2π ). The
streamlines were calculated not by integrating (2.4) but from
the stream function, as explained in appendix B. The opti-
cal vortices (=phase singularities = nodal points = wavefront
dislocations) are obvious. Around each vortex, the streamlines
are asymptotically circular (in general, they are asymptotically
tight spirals [8]).With five vortices in the area of one square
wavelength, this picture also illustrates the well-known feature
that the singularities embody sub-wavelength topological
structure.

The current J3(r) should be distinguished from the local
wavevector

k(r) = J3(r)

|�(r)|2 = ∇3χ(r). (2.11)

Although k(r) and J3(r) share the same streamlines, J3(r) is
a smooth function, vanishing at the vortices, but k(r) diverges
at the vortices. The current is the momentum density, giving
the classical force on a small absorbing particle at r, and h̄k(r)
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Figure 2. (a) Contour plot of longitudinal orbital angular momentum |Lz | (2.9) of the wave in figure 1, about the point {0,0}; the optical
vortices (black dots) lie on the locus Lz = 0 (dark). (b) As in (a), but for the current vorticity |�z | (2.15); the vortices are near, but not
coincident with, maxima of |�z |.

gives the momentum acquired by the particle in individual
photon impacts; this becomes the current only when averaged
over the probability ρ2(r) that the impact will occur.

The fact that near a vortex k(r) exceeds the free wavenum-
ber k is an optical example of ‘superoscillations’ [9–12], in
which functions can oscillate faster than their largest Fourier
component. This is a fundamental feature, worth exploring
experimentally. Superoscillations are themselves examples of
quantum ‘weak measurements’ (see chapter 16 of [13], and
references therein), in which measurements of an operator can
give values outside its spectrum. Formally, the real part of a
weak value of an operator Â in a state |�〉, in a measurement
postselecting the state |�〉, is

AW = Re
〈�| Â|�〉
〈�|�〉 . (2.12)

A short calculation shows that this gives the weak value
k(r) if Â is the momentum p̂3 and |�〉 is the position
eigenstate |r〉.

2.2. Angular momentum is not carried by vortices

It seems natural to associate the orbital angular momentum
of optical fields with vortices, because the scalar current
circulates around them. Perhaps the association is strengthened
by experience with irrotational flows in fluid mechanics, where
the angular velocity is concentrated on singular vortex lines of
the velocity field, and with the fact (to which we return at the
end of this section) that the vorticity of the wavevector (2.10),
namely ∇3 × k(r), is localized on the optical vortex lines
and the circulation of k(r) is quantized in terms of the vortex
strength. For familiar optical fields with circular symmetry,
such as the Laguerre–Gauss beams [1], the association has
some validity. In general, however, there is no association.
It was demonstrated long ago (section 2 of [14]) that the
total orbital angular momentum carried by a beam containing

vortices is unrelated to the total number of vortices (signed or
unsigned); and if the association is invalid globally it cannot
hold locally, as will now be shown.

The local orbital angular momentum density is

L(r) = r × J3(r). (2.13)

This depends on the origin chosen for r, and is zero at
the vortices, because the current J3 vanishes there. In two
dimensions, L(r) vanishes along lines that include the vortices
(figure 2(a)). Alternatively stated, the angular momentum
density is not concentrated on the vortices but avoids them.

A related quantity, independent of the origin of r, is the
current vorticity Ω(r), proportional to the torque on a small
spherical absorbing particle:

Ω(r) = ∇3 × J3(r) = Im
[∇3�

∗(r)× ∇3�(r)
]
. (2.14)

This quantity is not singular at the vortices, and its
distribution has no special association with the streamlines or
the vortices (figure 2(b)). (My assertion to the contrary in [14]
is wrong.) Indeed, it follows from equations (2.14), (B.1)
and (B.2) that the relation between the vorticity and the
streamlines is

�z = Ω(R, z) · ez = ∇2S(R), (2.15)

so since S does not satisfy the Helmholtz equation (even
though � does) the contours of S and �z must be different.
(If r lies on a vortex line, Ω gives the direction of the vortex at
r [15]; for more about the significance of Ω, see [16].)

Sometimes, the vorticity contours resemble the stream-
lines, and the maxima of |�z| are near the vortices (as in
figure 2(b)). And it is easy to show that |�z| can never vanish
at a nondegenerate vortex [43]. Otherwise, the two sets of
lines can be qualitatively different. The simplest example
illustrating this is the superposition of two plane waves with
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Figure 3. (a) Interference of two plane scalar waves (2.19) in directions ±θ = 30◦ with the z axis, with intensities cos2 α = 3/4,
sin2 α = 1/4, showing streamlines (thick) and wavefronts (thin); (b) geometrical rays corresponding to the two waves. (c) and (d): as (a) and
(b), but for the superposition (2.20) of equal-strength waves from two point sources as in Young’s experiment.

wavevectors in the xz plane, symmetrically disposed about the
z axis: it is not hard to show that S depends on both x and z, so
the streamlines undulate in the xz plane (see figure 3(a)) while
�z depends only on x , so the vorticity contours are straight
lines parallel to the z direction.

As with J3(r) and k(r) discussed at the end of section 2.1,
the current vorticity Ω(r) should be distinguished from the
vorticity of the wavevector, namely

Ωk(r) = ∇3 × k(r). (2.16)

In fact there is no simple relation, because, from (2.2)
and (2.11),

�(r) = ∇3 × (
ρ2(r)k(r)

)

= 2 (∇3ρ(r))× k(r)+ ρ2 (r)�k(r)

= 2 (∇3ρ(r))× k(r), (2.17)

in which the term involving Ωk(r) does not contribute because
Ωk is zero away from the vortices and its delta-function on
the vortices is suppressed by the vanishing intensity ρ2(r).
It might be thought that Ωk(r) would, by analogy with the
momentum k(r) transferred in individual impacts, give the
torque impulse on a small absorbing particle in such impacts,
which would indeed be nonzero only on the vortices. But this
torque is not Ωk(r) but r × k(r), where the origin of r is the
centre of the particle. When averaged over the probability of
such impacts, this gives the current vorticity at the location of
the particle, because
∫ ∫ ∫

V

d3r ρ2(r)r × k(r) =
∫ ∫ ∫

V

d3r r × J3(r)

=
∫ ∫ ∫

V

d3rr × (J3(0)+ r · ∇3J3(0)+ · · ·)

≈ 1
3

⎛

⎝
∫ ∫ ∫

V

d3r r 2

⎞

⎠∇3 × J3(0)+ · · ·

= 1
3

⎛

⎝
∫ ∫ ∫

V

d3r r 2

⎞

⎠�(0), (2.18)

where the smallness and sphericity of the particle has been
invoked.

2.3. Scalar current streamlines versus geometrical rays

Streamlines should not be confused with the rays of
geometrical optics. In two simple cases—a single plane
wave and the wave from a single point source—these rays
and streamlines coincide. In all other cases, they differ
fundamentally, in two ways. First, in a uniform medium the
geometrical rays are straight, in contrast to the streamlines
which are usually curved (as in figure 1). Second, whenever
there is interference, geometrical rays cross, in contrast to
streamlines which are uniquely defined everywhere except
at vortices. Alternatively stated, the streamlines of the
superposition are different from the superposition of the
streamlines.

Figures 3(a) and (b) illustrate this elementary but
fundamental point for the simple example of two plane waves:

�(x, z) = exp {2π izcot θ}( cosα exp{2π ix}
+ sinα exp{−2π ix}). (2.19)

Figures 3(c) and (d) give the analogous illustration for the wave
in Young’s experiment [17] from two point sources (slits in
three dimensions), namely the Bessel superposition

ψ(R) = H 1
0 (k R+)+ H 1

0 (k R−); R± =
√
(x ± 1)2 + y2

(2.20)
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of two outgoing Green functions in the plane. The same point
was illustrated in a recent calculation [5] of geometrical rays
and current streamlines in Bessel and Laguerre–Gauss beams.

3. Vector Poynting current

3.1. Orbital current and polarization current

In terms of the full time-dependent three-dimensional electric
and magnetic field vectors, the optical current can be defined
as the Poynting vector

P3 = 〈Efull × Hfull〉time average . (3.1)

For monochromatic waves, it is convenient to use the
time-independent complex vector fields E3(r) and H3(r),
satisfying

Efull(r, t) = Re E3(r) exp(−iωt),

Hfull(r, t) = Re H3(r) exp(−iωt),
(3.2)

giving the formula to be used from now on:

P3(r) = 1
2 Re

(
E∗

3 (r)× H3(r)
)
. (3.3)

From Maxwell’s equations, it follows that

∇3 · P3 = 0. (3.4)

Justifying the choice of the Poynting vector to represent
the optical current is not straightforward. Appendix C gives
brief accounts of five attempts, any one of which is at
least partially acceptable. From now on I will ignore these
difficulties, and concentrate on the structure of the Poynting
current as defined by (3.3).

Maxwell’s equations, and a vector identity, give

P3 = c2

2ω
ε0 Im

(
E∗

3 × (∇3 × E3)
)

= c2

2ω
ε0

[
Im
(
E∗

3 · (∇3)E3
)+ 1

2
∇3 × Im

(
E∗

3 × E3
)]

= P3orb + P3sp. (3.5)

From now on, the prefactor c2ε0/2ω will be ignored. As
the notation indicates, it is tempting to interpret the two
contributions separately, as representing orbital and spin parts
of the Poynting current.

The first term, namely

P3orb = Im
(
E∗

3 · (∇3)E3
) = 〈E3|p̂3(r)|E3〉, (3.6)

is directly analogous to the formula (2.5) for the scalar
current, with the interpretations (2.6), (1.3) and (1.4). It is
independent of the polarization (spin) state of the field, so
we call it the orbital part of the Poynting current. When
vector-multiplied by r, it gives the orbital contribution to the
angular momentum density. When divided by the intensity
E∗ · E, this contribution is the local wavevector k(r) defined
by Nye [18, 19], analogous to (2.11).

The second term is

P3sp = 1
2∇3 × Im

(
E∗

3 × E3
) = ∇3 × 〈E3|Ŝ|E3〉, (3.7)

in which Ŝ is the vector of spin-1 matrices, namely

Ŝ =
{

Sx =
( 0 0 0

0 0 −i
0 i 0

)
, Sy =

( 0 0 i
0 0 0
−i 0 0

)
,

Sz =
( 0 −i 0

i 0 0
0 0 0

)}
, (3.8)

which enters through the relation

A × B = −i(A · Ŝ)B. (3.9)

Thus, again using (2.6), we reach the compact form

P3sp = 〈E3|ip̂3(r)× Ŝ|E3〉. (3.10)

We call this the spin part of the Poynting current because the
vector Im(E∗

3 × E3) in (3.7) gives the local expectation of the
spin operator [20], also derivable by vector-multiplying (3.7)
by r and integrated by parts. The vector Im(E∗

3 × E3) is the
normal to the polarization ellipse at r [20].

However, these interpretations cannot be fundamental,
because there is an analogous decomposition involving the
magnetic field, namely

P3 = c2

2ω
μ0 Im

(
H∗

3 × (∇3 × H3)
)

= c2

2ω
μ0

[
Im
(
H∗

3 · (∇3)H3
)+ 1

2
∇ × Im

(
H∗

3 × H3
)]
,

(3.11)

in which the separate terms are different from their electric
counterparts in (3.5).

This difference can be accommodated, restoring the
electric–magnetic democracy present in the fundamental
formulae (3.1) and (3.3), simply by averaging the two
representations. The easiest way to write this is in terms of
the 6-vector

|EH〉 ≡ 1√
2

( √
ε0E3√
μ0H3

)
. (3.12)

Then the two contributions are

P3orb = 〈EH|p̂3(r)|EH〉 (3.13)

and

P3sp = 〈EH|
(

ip̂3(r)× Ŝ 0
0 ip̂3(r)× Ŝ

)
|EH〉. (3.14)

(This 6 × 6 matrix representation can be extended to a fully
quantum interpretation of Maxwell’s equations in materials
where the dielectric and magnetic properties can be position
dependent (section 3 of [21]).)

Although in general the orbital and spin parts of the
Poynting vector are different in the electric and magnetic
representations, the difference disappears in the paraxial
approximation, as we will see in section 3.3. For this
reason, and also for simplicity, we use the purely electric
representation (3.5) from now on.
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3.2. No scalar wave can reproduce the Poynting current

It would be convenient to be able to represent the electric
field E3(r) by a scalar wave �(r), satisfying the Helmholtz
equation, with the property that its current J3(r), defined
by (2.2), reproduces the Poynting current P3(r), or at least its
orbital part P3orb(r), but as we will see now this is not possible.

To start, we write the electric field as a sum of plane waves

E3(r) =
N∑

n=1

γncn exp{ikn · r}, (3.15)

with real amplitudes γn , and polarizations represented by
complex unit vectors cn satisfying

c∗
n · cn = 1. (3.16)

The analogous trial scalar wave must surely take the form

�(r) =
N∑

n=1

γn exp{iφn} exp{ikn · r}, (3.17)

involving the same wavevectors kn and amplitudes γn, with
phase factors exp{iφn} replacing the complex polarization
vectors cn .

The corresponding orbital Poynting current and scalar
wave current are

P3orb = Re
N∑

m=1

N∑

n=1

γmγnc
∗
m · cn

1
2 (km + kn)

× exp {i(kn − km) · r} (3.18)

and

J3 = Re
N∑

m=1

N∑

n=1

γmγn exp {i(φn − φm)}

× 1
2 (km + kn) exp {i(kn − km) · r} . (3.19)

For these to be equal, we must have

exp {i(φn − φm)} = c∗
m · cn (3.20)

for each pair of plane wave components m, n. But if the
polarization states of the waves m and n are different, the
overlap |c∗

m · cn| < 1, and since |exp{i(φn − φm)}| = 1 the
condition (3.10) cannot be satisfied.

It follows that no scalar representation is possible for
any field involving interference between waves with different
polarization states. The contrary has been claimed by Wolf [4],
in an ingenious argument which is instructive to examine
and which introduces a decomposition that we will use later.
Choose an arbitrary real unit vector e0, and for each plane
wave k in the superposition (3.15), with unit vector direction
ek, define

e1 = e0 × ek

|e0 × ek| , e2 = ek × e1, (3.21)

giving an orthogonal unit triad of directions {e1, e2, ek} for
each plane wave component of the field. Next, define the two

orthogonal unit helicity (circular polarization) complex basis
vectors transverse to k:

e+ = e1 + ie2√
2

, e− = e1 − ie2√
2

. (3.22)

Now we can decompose each plane wave amplitude
in (3.15) as follows:

γncn = �+ne+n +�−ne−n, (3.23)

introducing the helicity components �±n . It is a surprising
fact, noted by Wolf [4], that although the Poynting vector
depends quadratically on the field, it separates into the sum of
the two helicities: there are no cross terms between + and −.
This separation does not occur in other representations, e.g. the
Cartesian. Thus

P3(r) = P3+(r)+ P3−(r), (3.24)

where, after a little calculation,

P3±(r) = Re
N∑

m=1

N∑

n=1

�∗
±m�±ne

∗
±m × kn

× e±n exp {i(kn − km) · r}

= 1
2

N∑

m=1

N∑

n=1

�∗
±m�±n exp {i(kn − km) · r}

× e∗
±m · e±n (kn + km)

− 1
2

N∑

m=1

N∑

n=1

�∗
±m�±n exp {i(kn − km) · r}

× (
e∗

±m · kne±n + e±n ·kme∗
±m

)
. (3.25)

In the right-hand side of the second equality, the first and
second double sums are the orbital and spin parts of P3±.
(The usefulness of the helicity decomposition has also been
emphasized [22] in the context of the Riemann–Silberstein
vector E3 + iH3 [23].)

Wolf’s next step is to define the total scalar helicity
contributions

�±(r) =
N∑

n=1

�±n exp{ikn · r}. (3.26)

This is a representation we will use later. Finally, he
interprets these contributions as the positive- and negative-
frequency parts of the time-dependent scalar wave

V (r, t) = �+(r, t) exp{+iωt}+�−(r, t) exp{−iωt}. (3.27)

There two reasons why this is not the desired scalar
representation as stipulated at the beginning of this section.
First, even for the monochromatic waves that we are
considering, V oscillates unavoidably with the optical
frequency: it cannot be written in terms of a single time-
independent scalar function. Second, Wolf’s argument that V
reproduces the Poynting vector applies only after integrating
over the whole volume occupied by the wave, a procedure
that obliterates the interference terms responsible for the local
detail. Although one scalar field cannot fully represent the
vector electromagnetic fields, it is well known that two scalar
fields—for example �+(r) and �−(r)—do suffice for this
purpose.
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3.3. Paraxial Poynting

In the paraxial approximation it is convenient to make the
separation (1.1) and (1.2), and write

E3(r) ≈ exp{ikzz} (E(R)+ Ez(R)ez) ,

E(R) = {
Ex(R), Ey(R)

}
.

(3.28)

The approximation sign ≈ indicates that paraxially we are
neglecting the slow dependence of E and Ez on z. Therefore,
following familiar procedures,

∂z ≈ ikz (3.29)

and the divergence Maxwell equation becomes

∇3 ·E3 ≈ ∇ ·E + ikzez = 0, (3.30)

giving the longitudinal field

Ez ≈ i

kz
∇ ·E. (3.31)

For the Poynting vector, this decomposition leads to the
longitudinal and transverse components

Pz ≈ kz

(
E∗ · E − 1

k2
z

Re E∗ · ∇∇ · E

)
≈ kzE

∗ ·E (3.32)

and

P ≈ Im

(
E∗ · (∇)E + 1

2∇ × (E∗ × E)

+ 1

k2
z

(∇ ·E∗)∇(∇ · E)

)

≈ Im
(
E∗ · (∇)E + 1

2∇ × (
E∗ × E

))
. (3.33)

For each component, the first approximate equality is
exact for nondiffracting beams; the final approximations,
ignoring terms of relative order 1/k2

z , are paraxial. We
will concentrate on the transverse paraxial Poynting current,
namely

P = Im
(
E∗ · (∇)E + 1

2∇ × (E∗ × E)
) = Porb + Psp.

(3.34)
This useful decomposition was recently identified by

Bekshaev and Soskin [2]. Paraxially, the transverse magnetic
field is orthogonal to the transverse electric field and the
magnitudes are proportional. Therefore in the magnetic
counterpart of the paraxial P (cf (3.11)) the two terms are
the same as in (3.34), so electric–magnetic democracy is
already present paraxially: there is no need to enforce it as
in (3.13) and (3.14). (This fact was already appreciated for
currents in optical fibres [24].) An implication is that the
electric and magnetic C singularities coincide. In the first
post-paraxial approximation, including the terms of relative
order 1/k2

z , in (3.32) and (3.33), they separate, and the
splitting has been calculated explicitly [25]. (Nonparaxially,
the C singularities of the transverse fields are different from
those of the full three-dimensional fields, so each paraxial
C point separates nonparaxially into four.) The electric and

magnetic C singularities coincide for the special class of
helicity eigenstates [22], even for nonparaxial fields.

Paraxially, the Cartesian unit vectors and helicity basis
vectors (3.21) and (3.22) are the same for all plane wave
components:

{e1, e2, ek} = {ex, ey, ez}, e± = ex + iey√
2

. (3.35)

This is a considerable simplification, enabling the paraxial field
to be written as

E(R) = ψ+(R)e+ + ψ−(R)e−. (3.36)

The corresponding decompositions into plane waves are
(cf (2.9))

ψ±(R) =
N∑

n=1

γn± exp {i (Kn · R + φn±)}. (3.37)

The intensity of the light is

I = E∗ · E = |ψ+|2 + |ψ−|2. (3.38)

Each of the scalar fields ψ±(R) has its phase singularities:
the singularities of ψ+(R) are the circular polarization
points [19, 26–29] C−, and those of ψ−(R) are the C+ points.
The full polarization structure of the light is conveniently
represented by the function

w(R) = ψ−(R)
ψ+(R)

. (3.39)

This is shown in figure 4 for the sample waves described
in appendix A. The modulus |w| describes the degree of
polarization: at points where |w| = 0 or |w| = ∞, the
polarization is circular (C+ or C−), and on lines where |w| =
1 the polarization is linear. The phase argw describes the
orientation of the polarization ellipse. The complex number
w is the stereographic projection onto the complex plane of
the point on the Poincaré sphere representing the polarization
of the light at R; it was introduced by Poincaré [30]
before he devised his sphere, and has recently proved useful
in depicting polarization eigenstates for anisotropic [31]
and bianisotropic [32] materials, as a function of direction
(momentum).

As in the general case, the paraxial Poynting current can
be separated into helicity components:

P (R) = P+(R)+ P−(R). (3.40)

Each component can be further separated into orbital and
spin parts, for which a short calculation gives

P±(R) = Im
[
ψ∗

±(R)∇ψ±(R)
]± 1

2∇ |ψ±(R)|2 × ez

= P±orb(R)+ P±sp(R). (3.41)

7
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Figure 4. The function w(R) (3.39), encoding information about the
local polarization structure. Dots: C+ and C− pure circular
polarization singularities; dashed curves: contours of |w|,
representing the degree of polarization; bold curve: L line of pure
linear polarization |w| = 0; thin curves: contours of argw,
representing the azimuth of the polarization ellipse.

3.4. Two consequences of the spin current

One effect of the spin current for each helicity is that the phase
singularities of the scalar waves ψ±(R) (that is, the C± points)
are no longer vortices around which the current circulates. To
see this, consider the neighbourhood of a C− point, say, that is,
a zero of ψ+. To lowest order,

ψ+(R) = a ·R + · · · (3.42)

where a is a complex vector. The orbital contribution to P+ is

P+orb = Imψ∗∇ψ = Im[a∗
x ay]

(−yex + xey
)+· · · , (3.43)

corresponding to the familiar circular streamlines. But for the
spin contribution, namely

P+pol = 1
2∇|ψ|2 × ez

= Re[a∗
x ay](xex − yey)+ |ay|2yex + |ax |2xey + · · · ,

(3.44)

the streamlines are hyperbolas (the eigenvalues of the
associated matrix are real and of opposite sign). When
the contributions are combined, then, as figure 5 illustrates,
the resulting singularity can be elliptic, corresponding to a
vortex (usually noncircular) or hyperbolic, corresponding to a
stagnation point of the current. See [2] for a more extensive
discussion.

The second effect can be illustrated by the vectorial
analogue of (2.19), that is, the superposition of two plane
waves in the xz plane, with polarizations c1 and c2:

E3(R, z) = exp(i2πz cot θ)
(
cosα exp(i2πx)c1

+ sinα exp(−i2πx)c2
)
. (3.45)

Figure 5. Thick curves: Poynting streamlines for ψ−, including the
spin term introduced by Bekshaev and Soskin [2]; thin curves:
wavefronts of ψ−; dots: C+ singularities. Three of the singularities
are elliptic, and two are hyperbolic.

The longitudinal and transverse Poynting currents are

Pz = 2π cot θ
(
1 + sin(2α)Re

[
c∗

1 · c2 exp(−4π ix)
])

(3.46)

and

P = 2π cos(2α)ex + 2π sin(2α)

× Re
[
c∗

1 × c2 · ez exp(−4π ix)
]
ey . (3.47)

The second term in P is the spin contribution, directed
along ey , indicating that for certain combinations of
polarizations the streamlines can undulate in the xy plane, that
is, out of the plane of the wavevectors—something that cannot
happen for scalar waves. Figure 6 shows some patterns of
streamlines in the xz and xy planes, for different combinations
of polarizations.

3.5. Angular momentum is not associated with C singularities
or Poynting streamlines

Consider the z component of angular momentum

Lz = R × P (R) · ez (3.48)

near a C− singularity. The contribution from ψ+ vanishes at
the singularity, so Lz is dominated by the angular momentum
associated with the component ψ−, which is typically not zero.
Therefore a C point is not associated with a significant feature
of the angular momentum. (The contrary assertion in [2] (p.
346), that the angular momentum near a C point is determined
by the singular part of the field, is based on an erroneous
limiting process.)

As remarked in section 2.2, Lz depends on the origin
chosen for R, and this dependence is eliminated by considering
the longitudinal vorticity

�z(R) = ∇ × P (R) · ez, (3.49)

8
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Figure 6. Streamlines for interference of two plane vector waves (3.45) corresponding to figure 3(a), with polarizations: ((a), (b)): linear,
orthogonal (c1 = ex , c2 = ey, c

∗
1 · c2 = 0, c∗

1 × c2 ·ez = 1); ((c), (d)): circular, parallel (c1 = c2 = e+, c∗
1 · c2 = 1, c∗

1 × c2 · ez = i ); ((e),
(f)): circular, orthogonal (c1 = e+, c2 = e−, c∗

1 · c2 = 0, c∗
1 × c2 ·ez = 0); ((g), (h)): linear, circular

(c1 = ex , c2 = e−, c∗
1 · c2 = 1√

2
, c∗

1 × c2 ·ez = − i√
2
). For parallel linear polarizations, the streamlines are the same as for scalar waves

(figure 3(a)).

corresponding to the torque on a small absorbing particle.
This quantity is also unrelated to the C points, both for the
individual helicity components and also for the total field, as
we now show. As with the current, the vorticity is the sum of
orbital and spin parts:

� = �orb +�sp. (3.50)

The orbital part is

�orb(R) = Im
(∇E∗ · ×∇E

)

= Im
(∇ψ∗

+ × ∇ψ+ + ∇ψ∗
− × ∇ψ−

)
, (3.51)

in which the scalar product links E∗ and E and the vector
products link the gradient operators ∇. This expression has the
same structure as the quantum 2-form ([20, 33]) that generates
the geometric phase associated with a circuit when integrated
over an area spanned by the circuit; the significance of this
observation in the present context is not clear to me.

The spin part of the vorticity is

�sp(R) = 1
2∇ × Im(E∗ × E) = 1

2∇2
(|ψ−|2 − |ψ+|2) .

(3.52)
This is the curl of the normal to the polarization

ellipse [20], and the Laplacian of the third Stokes parameter
giving the ellipticity of the polarization ellipse.

Figure 7 shows the streamlines for the sample total
field (3.36) created from ψ+(R) and ψ−(R). The
streamlines show both Poynting vortices (centred on closed
loop streamlines) and Poynting saddles, that is stagnation
points (centred on hyperbolic streamlines). As the figure
illustrates, these features are unrelated to the C points, and only
weakly related to the distribution of vorticity. Indeed, it is not
difficult to construct fields in which the total vorticity vanishes
at a C point (whether or not the spin part is included for each
polarization component). These phenomena associated with ‘P
singularities’—Poynting vortices and saddles—are currently
being studied in detail [34–36].

Figure 7. Full curves: polarization streamlines for vector
superposition of N = 10 plane waves with helicity components
ψ±(R); the Poynting vortices (circles) and Poynting saddles
(crosses) are unrelated to the C± circular polarization singularities
(dots), and do not coincide with maxima of the polarization vorticity
�z (dashed contours).

4. Concluding remarks

One aim of this survey of optical currents in scalar and vector
fields has been to dispel several misconceptions. I have shown
that

(1) In scalar optics, vortices are unrelated to angular
momentum. With the current defined by (2.2), the orbital
angular momentum (2.13) (whose value depends on the
point about which it is defined) vanishes on lines (in the
plane) including the vortex points. The vorticity (2.14)
(giving the torque on a particle) fails to display any

9
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distinctive features near a vortex (section 2.1 and figure 2),
even when interpreted quantally, in terms of photon
impacts.

(2) Current streamlines are not the same as geometrical
rays. The two concepts are different (section 2.3 and
figure 3) whenever there is interference. The distinction is
associated with the fact that current is a quadratic function
of the optical field, so the superposition of currents (or
wavefronts, or wavevectors) is not the same as the current
(or wavefront, or wavevector) of the superposition.

(3) One scalar cannot represent the Poynting current in a
vector electromagnetic field. Analysis (section 3.2) shows
that Wolf’s ingenious attempt fails to represent the fine
detail associated with interference.

(4) Circular polarization (C) singularities need not be
vortices of the currents associated with each helicity
field. For the orbital current alone, the streamlines
close to C points are the familiar circles. But the spin
current (section 3.1) can transform the C singularities
into stagnation points of the current, rather than vortices
(sections 3.1 and 3.4, and figure 5).

(5) C points are unrelated to angular momentum. Near a
C point, the Poynting angular momentum is associated
with the nonsingular helicity component, and the Poynting
vorticity is associated with both helicity components,
with no special features associated with the singularity
(section 3.5). Similarly, the Poynting current associated
with the total wave (both helicities) displays no indication
of the C singularities.

(6) The Poynting vector is not an obvious characterization
of the optical current. Appendix C lists five attempts to
provide a physical justification for choosing the Poynting
vector. Only the force on a conducting particle leads to
Poynting.

Another aim has been to emphasize (section 3.1) the
generality of the separation of the Poynting current into its
orbital and spin parts. The spin part, introduced for paraxial
light by Bekshaev and Soskin, has physical consequences
(section 3.4 and figure 6).
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Appendix A. Sample waves

In scalar superpositions of the form (2.9) and (3.37), we choose
the transverse wavenumber K = 2π , so that x and y are

expressed as multiples of the transverse wavelength. Thus, in
the ensemble corresponding to (2.9) and (3.37),

Kn = 2π{cos θn, sin θn}; azimuths θn random on {0, 2π};
k2

z = k2 − 4π2; amplitudes γn random on {0, 1};
phases φn random on {0, 1}.

(A.1)
The numerical illustrations involve two sample waves, ψ+ and
ψ−, with N = 10 and the data in table A.1.

Appendix B. Stream function

Finding the streamlines of a general three-dimensional field
usually requires integration of the current equation (2.4).
However, for two-dimensional fields, or sections of three-
dimensional fields, which satisfy

∇ ·J = 0, (B.1)

it is easy, and very convenient, to find the streamlines as
contour lines of a stream function S(R). A practical case
where (B.1) holds is nondiffracting beams, of the form (2.8)
or its vector equivalent.

From (B.1) it follows that J can be written as the curl of
a vector, which in two dimensions points in the third direction
and so is effectively a scalar. Thus

J(R) = ez × ∇S(R), i.e. Jx = −∂y S, Jy = ∂x S.
(B.2)

Integration now gives

S(R; R0) = −
∫ x

x0

dx ′ Jy(x
′, y0)+

∫ y

y0

dy ′ Jx(x, y ′), (B.3)

in which R0 is any convenient starting point, contributing only
an irrelevant constant to S.

The contours of S give the form of the streamlines, tangent
to J at each point, but not the sense (forward or backward) of
J . If the sense is known at a single point, the sense everywhere
else follows. Alternatively, from (B.2), J points along the
contour in the sense in which S increases to the right.

Appendix C. Why Poynting?

The first attempt to justify the choice of the Poynting vector
to represent the optical current is the standard textbook
argument [37, 38], based on Poynting’s theorem, namely

∇ · (Efull × Hfull) = − ∂

∂ t

(
1

2
ε0E

2
full +

1

2
μ0H

2
full

)

= − ∂

∂ t
(energy density). (C.1)

Table A.1. Data for two scalar 10-wave superpositions of the form (2.9).

Azimuths θn 5.971, 2.666, 0.939, 4.629, 1.023, 1.537, 2.710, 3.273, 4.356, 5.032

φn for ψ+(R) 5.211, 1.408, 0.241, 1.763, 1.584, 1.655, 4.647, 5.145, 0.860, 6.246
γn for ψ+(R) 0.045, 0.391, 0.866, 0.074, 0.215, 0.167, 0.827, 0.794, 0.963, 0.904
φn for ψ−(R) 3.846, 0.777, 5.008, 2.916, 6.274, 4.344, 2.411, 5.688, 1.734, 0.214
γn for ψ−(R) 0.337, 0.015, 0.762, 0.785, 0.625, 0.442, 0.688, 0.065, 0.064, 0.035
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For monochromatic or quasimonochromatic fields, followed by
local time-averaging and use of (3.1), this can be interpreted
as a continuity equation in which P3 represents energy flux.
However, as is often pointed out [38], only the divergence of
P3 appears, so the same interpretation would hold after the
replacement

P3 ⇒ P3 + ∇3 × (any vector field). (C.2)

This underdetermination of the vector is more severe in
the monochromatic case, where the divergence of P3 is
zero anyway (equation (3.4)). Thus, although the curl
ambiguity (C.2) does not affect the application of (C.1)
globally, to describe energy flowing into and out of a closed
surface, it renders useless any interpretation involving local
detail of the flow, such as we are interested in here.

Now we try to find a local interpretation for the Poynting
vector, by calculating the Lorentz force F on small particles.
In the second attempt, we model the particle as a charge q with
mass m, moving with velocity v:

F = m
∂v

∂ t
= q (Efull + v × Bfull) . (C.3)

For the oscillating fields (3.2), the magnetic field is smaller
than the electric field by a factor 1/c, because, schematically,

B3 = 1

iω
∇3 × E3 ∼ k

iω
E3 = 1

ic
E3. (C.4)

Thus for nonrelativistic motion the electric force dominates,
and (C.3) has the solution

v ≈ − q

mω
Im E3 exp(−iωt). (C.5)

The leading-order nonoscillatory force is obtained by
substituting this into the magnetic Lorentz force, leading to

F = q2

mω

(
Im E∗

3 exp(iωt)
)× (Re B3 exp(−iωt))

= q2

2mω
Im
(
E∗

3 × B3
)
. (C.6)

This resembles (3.3) but with the imaginary part replacing the
real part in the vector product—an interesting quantity, but not
the Poynting vector.

In the third attempt, we replace the charged particle by a
neutral particle with polarizability α, on which the force is

F = d ·∇3Efull + ∂d

∂ t
× Bfull, (C.7)

in which d is the induced electric dipole moment

d = αEfull. (C.8)

Thus, successively, using Maxwell’s equations,

F = α

(
(Efull ·∇3)Efull + ∂Efull

∂ t
× Bfull

)

= α

(
1
2∇3 (Efull ·Efull)

)

− Efull × (∇3 × Efull)+ ∂Efull

∂ t
× Bfull

= α

(
1

2
∇3 (Efull · Efull)+ ∂

∂ t
(Efull × Bfull)

)
, (C.9)

giving the average force

F = 1
4α∇3

(
E∗

3 · E3
)
. (C.10)

This is not the Poynting vector; instead it is the intensity-
gradient force used in optical traps [39, 40].

In the fourth attempt, absorption is introduced by
modelling the dipole as spring with restoring constant γ and
loss constant μ. The effect of this is to complexify the
polarizability:

α = 2q2

2γ − mω2 − 2iμ
, (C.11)

leading to the average force

F = 1
2 Re

[
α∗ ((E∗

3 · ∇3
)
E3 + iωE∗

3 × B
)]

= 1
2 Re

[
α∗E∗

3 · (∇3)E3
]
. (C.12)

For no loss (α real), F is the optical trapping force (C.10). In
the opposite limit, in which loss dominates (α imaginary),

F → 1
2 Imα Im

[
E∗

3 · (∇3)E3
]
. (C.13)

This is proportional to the orbital part (3.6) of the Poynting
vector—close, but still not P itself. For a more detailed
treatment of this model, see section 4 of [41].

Finally, in the fifth attempt, we calculate the force on a
small conducting particle with total charge density ρtotal = 0
(i.e. electrically neutral) and moving charge density ρmoving,
for which the electric current density (unrelated to the scalar
current of section 2) is

jelectric = ρmovingv. (C.14)

The force is

F = ρtotalEfull + jelectric × Bfull = jelectric × Bfull. (C.15)

With conductivity σ , and Ohm’s law

jelectric = σEfull, (C.16)

the force becomes

F = σEfull × Bfull. (C.17)

At last this is proportional to the Poynting vector, and provides
a plausible local interpretation.

Since writing the above, I have learnt of a parallel detailed
discussion of the forces on small particles [42], emphasizing
the difficulties associated with a naive application of the
Poynting vector.
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Gabay 1995)

[31] Berry M V and Dennis M R 2003 The optical singularities of
birefringent dichroic chiral crystals Proc. R. Soc. A
459 1261–92

[32] Berry M V 2005 The optical singularities of bianisotropic
crystals Proc. R. Soc. A 461 2071–98

[33] Berry M V 1984 Quantal phase factors accompanying adiabatic
changes Proc. R. Soc. A 392 45–57

[34] Brandel I, Mokhun A, Mokhun I and Viktorovskaya J 2006
Fine structure of heterogeneous vector field and its space
averaged polarization characteristics Opt. Appl. 36 79–95

[35] Khrobatin R, Mokhun I and Viktorovskaya J 2008 Potentiality
of experimental analysis for characteristics of the Poynting
vector components Ukr. J. Phys. Opt. 9 182–6

[36] Khrobatin R and Mokhun I 2008 Shift of application point of
angular momentum in the area of elementary polarization
singularity J. Opt. A: Pure Appl. Opt. 10 064015

[37] Jackson J D 1975 Classical Electrodynamics (New York:
Wiley)

[38] Born M and Wolf E 2005 Principles of Optics (London:
Pergamon)

[39] Simpson N B, Dholakia A, Allen L and Padgett M J 1997
Mechanical equivalent of spin and orbital angular
momentum of light: an optical spanner Opt. Lett. 22 52–4

[40] Friese M E J, Rubinsztein-Dunlop H, Heckenberg N R and
Enger J 1996 Optical angular momentum transfer to trapped
absorbing particles Phys. Rev. A 54 1593–6

[41] Bekshaev A Y and Soskin M S 2007 Transverse energy flows in
vectorial fields of paraxial light beams Proc. SPIE
6729 67290G

[42] Alexeyev C N, Fridman Y A and Alexeyev A N 2001
Continuity equations for spin and angular momentum and
their application Ukr. J. Phys. 46 43–50

[43] Alexeev C N 2008 private communication

12

http://dx.doi.org/10.1088/0370-1328/74/3/305
http://dx.doi.org/10.1088/1464-4258/10/3/035005
http://dx.doi.org/10.1364/JOSAA.4.000651
http://dx.doi.org/10.1103/PhysRevLett.58.1499
http://dx.doi.org/10.1088/0305-4470/38/45/L01
http://dx.doi.org/10.1088/0305-4470/27/11/008
http://dx.doi.org/10.1088/0305-4470/39/22/011
http://dx.doi.org/10.1098/rspa.2000.0602
http://dx.doi.org/10.1088/1751-8113/40/1/004
http://dx.doi.org/10.1098/rsta.2001.0979
http://dx.doi.org/10.1098/rspa.2000.0660
http://dx.doi.org/10.1088/1464-4258/6/5/018
http://dx.doi.org/10.1103/PhysRevA.67.062114
http://dx.doi.org/10.1088/1464-4258/6/5/030
http://dx.doi.org/10.1098/rspa.1987.0002
http://dx.doi.org/10.1098/rspa.1987.0153
http://dx.doi.org/10.1098/rspa.1987.0154
http://dx.doi.org/10.1098/rspa.1990.0097
http://dx.doi.org/10.1098/rspa.2003.1155
http://dx.doi.org/10.1098/rspa.2005.1507
http://dx.doi.org/10.1098/rspa.1984.0023
http://dx.doi.org/10.3116/16091833/9/3/182/2008
http://dx.doi.org/10.1088/1464-4258/10/6/064015
http://dx.doi.org/10.1364/OL.22.000052
http://dx.doi.org/10.1103/PhysRevA.54.1593
http://dx.doi.org/10.1117/12.751952

	1. Introduction
	2. Scalar wave current
	2.1. Definition and streamlines
	2.2. Angular momentum is not carried by vortices
	2.3. Scalar current streamlines versus geometrical rays

	3. Vector Poynting current
	3.1. Orbital current and polarization current
	3.2. No scalar wave can reproduce the Poynting current
	3.3. Paraxial Poynting
	3.4. Two consequences of the spin current
	3.5. Angular momentum is not associated with C singularities or Poynting streamlines

	4. Concluding remarks
	Acknowledgments
	Appendix A. Sample waves
	Appendix B. Stream function
	Appendix C. Why Poynting?
	References

