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Abstract
The spin of a top can be regarded as a fast variable, coupled to the motion of
the axis which is slow. In pure precession, the rotation of the axis round a cone
(without nutation), can be considered as the result of a reaction from the fast
spin. The resulting restriction of the total state space of the top is an illustrative
example, at graduate-student level, of the general dynamical concept of the
slow manifold. For this case, the slow manifold can be calculated exactly, and
expanded as a series of reaction forces (of magnetic type) in powers of slowness,
corresponding to a modified precession frequency. The forces correspond to
a series for the Hannay angle for the fast motion, describing the location of a
point on the top.

1. Introduction

Widely separated time-scales are commonly encountered in physics; examples are diurnal,
seasonal and longer-term variations in the atmosphere, influencing weather and climate, and
the slow nuclear and fast electronic motions in molecules. In classical mechanics, the analysis
of such systems is a focus of intense current research. Two concepts that have emerged as
central are the ‘slow manifold’ and the ‘Hannay angle’. Both are subtle and can be difficult to
grasp on first encounter. Our aim here is to help demystify them by describing, in the spirit of
identifying ‘the arcane in the mundane’, how they lie at the heart of the operation of a simple
child’s toy: the spinning top.

Separation of time-scales commonly occurs when a heavy system is coupled to a light
one. Then, it is customary to think of the light system as fast, and slaved to the heavy system
which moves slowly, with the ratio of time-scales quantified by a small slowness parameter
[1]. But if the fast motion is oscillatory or rotary, its reaction on the heavy system includes
some of the fast oscillations, albeit in weakened form. To deal with the complications of the
analysis of the supposedly ‘slow’ motion, arising from this inherited fast contamination, two
approaches have been developed.
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The first consists in developing techniques for averaging [2, 3] over the fast oscillations,
with the aim of getting a hierarchy of effective equations for the slow motion, accurate to
successively higher orders in slowness. The second, on which we concentrate here and
illustrate with the spinning top, is to seek a special motion, characterized by the complete
absence of fast oscillations in the heavy dynamics. Oscillation-free motion corresponds to a
particular set of initial conditions, reducing the system’s accessible state space. This reduced
space is the ‘slow manifold’ [4, 5]. Usually, it cannot be calculated exactly, but rather as a
series in powers of the slowness parameter [6–9], representing successive reaction forces of the
fast dynamics on the slow. Finite truncation of the series of reactions at successively higher
orders corresponds to increasing suppression of the fast oscillations in the slow dynamics.
In most cases, convergence of the series is problematic [6, 7]; it is not certain that the fast
oscillations can be eliminated completely, or even if an exact slow manifold exists [4].

An important related concept is the Hannay angle [10]. This is a geometric contribution
to the phase of the fast motion, regarded as driven by the slow. The Hannay angle can also
can be regarded as the leading term of a series in powers of slowness, and can be considered
as giving rise to the higher-order reaction forces of the fast system on the slow in the coupled
dynamics.

These concepts can be illustrated by the spinning top—the simplest gyroscope, also known
as the Lagrange top: an axially symmetric rigid body with one point fixed, driven by gravity.
The top can be regarded as a coupled system: the fast variable is the spin angular velocity, and
the slow variables describe the motion of the axis, whose direction can itself be considered
either as a fictitious ‘spin’ or as a ‘particle’ moving on the surface of the unit sphere. The
contamination of the slow precession of the axis by the fast spin causes a rapid wobbling of
the axis, called nutation. The special ‘pure precession’ motion, in which there is no nutation,
corresponds to the slow manifold of general dynamics. In this simple case, it can be calculated
exactly, and when expanded in a series of slowness there are no convergence difficulties. It
has been noted before [11] that the exactly-solvable top motion can be regarded as embedded
in a more general model of a particle moving in three dimensions and coupled to a spin, for the
special case in which the particle is confined to the surface of a sphere; for this more general
model (which is not exactly solvable), we have investigated the slow manifold in detail [6].

Section 2 reproduces the elementary approximate theory of the top, and interprets
its precession in terms of the reaction of the fast spin on the slow motion of the axis.
Section 3 sets up the exact formalism in a slightly non-standard but not completely unfamiliar
way (see [12] and appendix C of [6]). In section 4 the slow manifold is derived exactly and
expanded in a series of reaction forces, whose efficacy in suppressing the nutation oscillations
is demonstrated. Section 5 makes the connection with the Hannay angles.

We stress that our objective is not to seek new physical understanding of the motion of
the top, which has been the subject of so many sophisticated [13–15] and elementary [16–19]
presentations. Rather, our purpose is to use the top as a vehicle to illustrate, in what is surely
the simplest way, the concepts of the slow manifold and Hannay angles.

2. Elementary theory

The top is a rigid body fixed at the point O (figure 1). Its position at any instant can be described
by three Euler angles (figure 1): the polar angles θ and φ of the axis, whose direction is the
unit vector er, and the angle ψ describing rotation of a material point P about the axis of the
top, measured relative to the intersection of the top with the instantaneous constant-φ plane.
Dynamics depends on the moment of inertia A about the axis, and the two moments of inertia
B, equal by symmetry and corresponding to motions perpendicular to er. The moments of
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Figure 1. Coordinates for the spinning top.

inertia A, B, B are relative to O. In the simplest theory, it is assumed that the spin ψ̇ is fast,
that it is the main contribution to the angular velocity �ψ about the axis, and that the rotation
of the axis itself gives a negligible contribution to the total angular velocity vector Ω.

With these approximations, only the moment of inertia A is relevant, and the angular
momentum is

J = A�ψer . (2.1)

This changes as a result of the torque about the fixed point O, arising from the gravitational
force mg through the centre of mass, distant l from O, giving the dynamical equation

J̇ = A�ψ ėr = −mgler × ez. (2.2)

The solution gives the precession directly, as

er (t) = sin θ cos
(
�φt

)
ex + sin θ sin

(
�φt

)
ey + cos θez, (2.3)

with the precession angular velocity

�φ = Ω · ez = φ̇ = mgl

A�ψ

. (2.4)

Note that this is independent of θ : in this approximation, precession is isochronous.
This is the standard elementary and approximate explanation of why a top precesses

instead of falling down. It is a smooth precession, which φ̇ is constant, as is θ : there is no
nutation. The faster the spin, the slower the precession, and in the extreme adiabatic limit
the axis does not move: for the top, there is no zero-order ‘Born–Oppenheimer’ slow motion,
such as occurs in other slow–fast problems [20, 21].

Note that (2.2) is a first-order differential equation for the motion of the axis er. This
seems unusual if er is regarded as representing a fictitious point particle moving on the unit
sphere (or representing the centre of mass at the position ler), where a second-order equation is
expected (and indeed will occur for the exact motion in section 3). But the first-order equation
is natural on an alternative interpretation of (2.2) as a fictitious spin (not the spin of the top!)
acted on by a fictitious magnetic field −�φez = − (

mgl/A�ψ

)
ez.

To simplify the writing of subsequent formulas, we now introduce a scaled time variable
τ , motivated by the top’s motion in the opposite ‘pendulum’ limit, when it is suspended near
the downward vertical θ = π and oscillates in a vertical plane φ = constant. The new time
unit t0 is 1/2π times the period of small oscillations, that is

t0 = t/τ =
√

B

mgl
. (2.5)
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We leave it as an exercise to show that t0 is also the time taken for the top to fall without
spinning from θ = 63.5665◦ to the horizontal θ = π/2. With the same scaling, we define

G = Jψ√
Bmgl

= A�ψ√
Bmgl

,
d

dτ
(· · ·) = (· · ·)′ , (2.6)

Thus the evolution equation (2.2) for the axis becomes, in this simple approximation

e′
r = − 1

G
er × ez. (2.7)

This form of writing reveals G as a convenient dimensionless large parameter for the fast
top (i.e. 1/G is the slowness parameter), because if G is large the velocity e′

r is small. We also
denote the scaled angular velocity by ω, and the scaled angular momentum by j. Then, from
(2.6),

G = jψ = j · er = A

B
ωψ. (2.8)

3. Exact equations of motion

The torque equation (2.2) is approximate because it omits the contributions to the top’s scaled
angular velocity ω and angular momentum j from the motion of its axis. In a non-rotating
frame, the spin angular velocity, that is the component along r, includes a contribution from
the rotation about z, namely

ωψ = ω · r = ψ ′ + cos θ φ′. (3.1)

In addition, there is the angular velocity perpendicular to r, namely er × e′
r . Therefore the

complete expression for the angular velocity is

ω = ωψer + er × e′
r = (

ψ ′ + cos θ φ′) er + er × e′
r . (3.2)

(It can be confirmed that, according to the definition of angular velocity, this gives the velocity
of a material point R on the top as R′ = ω × R.) Thus the angular momentum of the top,
incorporating the different moments of inertia and (2.8), can be written as

j = Ger + er × e′
r . (3.3)

For the top, there is a gravitational torque, namely −er × ez. This has no component
along er or along ez, so components of j along er (i.e. jψ = G) and along ez (i.e. the φ

component) are conserved, that is

jψ = G = A

B

(
ψ ′ + cos θ φ′) = A

B
ωψ = constant

jφ = ez · j = jψer · ez + er × e′
r · ez = G cos θ + sin2 θ φ′ = constant. (3.4)

Note that the jψ equation implies that the top’s total spin angular velocity ωψ is conserved,
unlike the separate contributions ψ ′ and φ′. Therefore (3.1) can be used to determine the ψ

motion, and we now have, instead of (2.7), the exact dynamical equation for the motion of
the axis er alone, obtained by equating the rate of change of angular momentum to the applied
torque:

j ′ = Ge′
r + er × e′′

r = −er × ez. (3.5)

Alternatively,

e′
r = − 1

G
er × ez − 1

G
er × e′′

r . (3.6)
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Thus the elementary first-order theory of section 2 corresponds to neglecting the second-order
term involving e′′

r . Cross-multiplying by er gives the following second-order equation for the
fictitious particle representing the motion of the axis:

e′′
r = Ger × e′

r + cos θ er − ez − ∣∣e′
r

∣∣2
er . (3.7)

In fact the full motion, starting from any initial conditions and therefore including nutation,
can be determined analytically without solving this differential equation, because, as is well
known [3], the heavy symmetrical top is an integrable system. We can fix the spin G, and
release the top from an extreme θ0 of excursion from the z-axis, with precession angular
velocity φ′

0, that is

θ (0) = θ0, φ (0) = 0, θ ′ (0) = 0, φ′ (0) = φ′
0. (3.8)

In terms of the axis inclination θ (τ ), the precession and spin evolution can be determined from
the angular momentum conservation laws (3.4):

ψ ′(τ ) = ψ ′ (0) + φ′
0 cos θ0 − φ′(τ ) cos θ(τ ) = B

A
G − φ′(τ ) cos θ(τ )

φ′(τ ) = G(cos θ0 − cos (θ(τ ))) + φ′
0 sin2 θ0

sin2 θ(τ )
.

(3.9)

The θ (τ ) evolution, describing nutation, can then be determined from energy conservation;
in scaled variables, this is

energy = 1
2

(
θ ′2 + sin2 θ φ′2 +

BG2

A

)
+ cos θ = constant. (3.10)

Therefore

θ ′(τ )2 = (cos θ0 − cos(θ(τ )))

sin2 θ(τ )

[
2 sin2 θ(τ ) − G2(cos θ0 − cos(θ(τ )))

+φ′
0 sin2 θ0(φ

′
0 cos θ0 + φ′

0 cos(θ(τ )) − 2G)
]
. (3.11)

This can be integrated explicitly, to give the nutation in terms of elliptic integrals [13, 22].
And the zeros of the right-hand side, corresponding to θ ′ = 0, give the two extreme axis
inclinations θ between which nutation occurs: (3.11) can be expressed as a cubic in cos θ ,
whose roots are θ0, the second extreme, and an unphysical root with |cos θ | >1. We do not
revisit these aspects here.

Although the analytic solution can obtained from the conservation laws, it is very easy
nowadays to solve the equation of motion (3.7) numerically, for example using MathematicaTM.
A simple way is to represent er by its stereographic projection, in terms of the complex variable

ζ = ξ + iη = tan 1
2θ exp (iφ) . (3.12)

Then (3.7) and the initial conditions (3.8) can be written

ζ ′′ = iGζ ′ + ζ +
2ζ ∗ζ ′2

1 + |ζ |2 , ζ (0) = tan 1
2θ0, ζ ′ (0) = iφ′

0 tan 1
2θ0. (3.13)

In this formulation, the conservation laws (3.4) and (3.10) for jφ and energy are

4Imζ ∗ζ ′ + G(1 − |ζ |4)
(1 + |ζ |2)2

= constant,
2|ζ ′2 | + 1 − |ζ |4

(1 + |ζ |2)2
= constant (3.14)

and provide convenient checks on numerical solutions.
Figures 2 and 3 show orbits for the axis of the top for different initial conditions, illustrating

how nutation persists and indeed gets faster, while its amplitude gets smaller, as the fast spin
parameter G increases. We remark that an instructive and easy exercise is to solve the linearized
version of (3.13) exactly, giving motion for the near-vertical top (|ζ | << 1) and a simplified
but qualitatively correct description of the various types of nutation loop.
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Figure 2. Orbits of the axis of the top in stereographic coordinates, obained by solving (3.13)
numerically, for θ0 = π/4 and φ′

0 = 1, for (a) G = 3, (b) G = 5, (c) G = 7, (d) G = 10.

4. Slow manifold

There are several ways to find the special solution of the equations of motion (3.6) that
correspond to the absence of nutation, that is, pure precession. The way we adopt here—not
the simplest but in the spirit of the more general dynamics problems we are illustrating [4, 6]—
is to seek an exact solution of (3.6), in the form of an expresssion for the slow evolution e′

r in
terms of G and er. This will be the slow manifold: a restriction of the full space of states. One
way to determine it is by iteration, starting from the elementary approximation of section 2,
namely

e′
r ≈ − 1

G
er × ez. (4.1)

Naive iteration generates unwanted higher derivatives e′′
r , e′′′

r · · · and hence many
redundant solutions. Although these can be eliminated by successive substitutions, it is
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Figure 3. As figure 2, with the axis of the top released from rest, i.e. φ′
0 = 0.

simpler to note that since er is a unit vector the most general solution of the required form
must be

e′
r = β (θ,G) sin θ eφ + γ (θ,G) eθ , (4.2)

in which β and γ have the meanings

β = φ′, γ = θ ′, (4.3)

and the spin G incorporates the fast variable. This must be substituted into the exact equation
(3.6). A calculation, outlined in the appendix, followed by equating coefficients of the terms
in eθ and eφ , leads to the two equations

1 + β2 cos θ − γ ∂θγ

sin θ
= Gβ (a)

γ (G − sin θ ∂θβ − 2β cos θ) = 0 (b)

⎫⎬
⎭ (4.4)
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The solution we want is the one for which, in the asymptotic regime G >> 1, (4.2) agrees
with (4.1), that is β(θ,G) → 1/G. This corresponds to γ = θ ′ = 0 (no nutation) in (4.4b),
after which (4.4a) gives

G = 1

β
+ β cos θ = 1

φ′ + φ′ cos θ. (4.5)

This is the slow manifold, giving the exact dynamics corresponding to the slow special
(i.e. non-nutating) motion:

e′
r = −β (G, θ) er × ez, (4.6)

with β (G, θ) = φ′ being the scaled-time precession frequency, a corrected version of the
lowest approximation β (θ,G) → 1/G (cf 4.1). On the interpretation of er as a fictitious spin,
–βez is the modified scaled magnetic field that drives it.

There are other ways to get the result (4.5), for example: direct substitution of (4.6) into
(3.13); or requiring the vanishing of the term in the square brackets in (3.11), to make the two
extremes of the θ (τ ) motion coincide (no nutation); or from the condition that the acceleration
θ ′′(τ ) must vanish; or substituting the pure precession trajectory

ζ(τ ) = tan 1
2θ exp(iωφτ) (4.7)

into (3.13).
An alternative form of the slow manifold, expressing the fast spin velocity ψ ′ directly, in

terms of the slow precession speed φ′ and the axis inclination θ , is

ψ ′ = B

Aφ′ +

(
B

A
− 1

)
φ′ cos θ. (4.8)

If the slow angle θ and the slow precession angular velocity φ′ are specified, (4.5) and
(4.8) give the values of the fast spin G and ψ ′ required to suppress the nutation oscillations.
Solving for β gives the corresponding modified precession speed if the fast spin is specified.
The relevant solution of (4.5)—the one with the correct asymptotics for G >> 1—is

β (θ,G) = φ′ = G

2 cos θ

(
1 −

√
1 − 4

G2
cos θ

)
= 1

G

∞∑
n=0

an

cosn θ

G2n

= 1

G
+

cos θ

G3
+ 2

cos2 θ

G5
+ 5

cos3 θ

G7
+ · · · (4.9)

(The other solution, in which the square root has the + sign, namely β → G/ cos θ , represents
a different nutation-free motion, in which the precession is not slow but is proportional to
the fast spin ψ ′.) The corrections in (4.9) depend on θ , so the exact precession, unlike the
approximation of section 2, is not isochronous.

The square root in (4.9) shows that pure precession requires G2 > 4 cos θ ; for slower
spins, there must be nutation. The limit θ = 0 reproduces the condition |G| > 2 for a top to
spin vertically (‘sleeping top’). For θ > π/2, corresponding to a top suspended from its fixed
point, there is no restriction: pure precession (circular motion of a spinning conical pendulum)
is possible for any G.

When employed as initial conditions, the successive approximants, obtained by truncating
the series, namely

φ
′(n)
0 = 1

G

n−1∑
n=0

an

cosn θ0

G2n
, (4.10)

represent motions in which the fast nutation is approximately suppressed to higher order. This
is illustrated in figure 4. For θ0 < π/2, corresponding to the usual configuration where the
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Figure 4. Evolution of the axis with the initial precession speed φ′(n)

0 chosen as approximants (4.9)
to the slow manifold, for G = 2 and θ0 = π/4, and (a) n = 1, (b) n = 2, (c) n = 3. (d) shows
the progressively suppressed nutation oscillations θ (τ ), barely discernible in (b) and (c), for n = 1
(upper curve), n = 2 (middle curve) and n = 3 (lower curve).

top rests on a horizontal plane, all the approximants have the same sign. For θ0 > π/2 (top
suspended from its fixed point), the terms form an alternating series.

There are other solutions of the equations (4.4), corresponding to γ 	= 0, but these do not
have the correct limit for G >> 1. One of these other solutions is β = 0, which from equation
(4.4b) corresponds to G = 0, and hence, from (3.4), ψ ′ = 0; this is pendulum motion of the
non-spinning top, for which equation (4.4a) then gives

1
2γ 2 + cos θ = 1

2θ ′2 + cos θ = constant, (4.11)

consistent with energy conservation (equation (3.10)) for this case.
More generally, the factor multiplying γ in (4.4b) is proportional to ∂θ jφ (cf (3.4)), and

its vanishing, when substituted into (4.4a), reproduces ∂θ (energy) (cf (3.10)), confirming that
the solutions of (4.4) with both β and γ nonzero correspond to general motions of the top,
where there is nutation.
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These different solutions, corresponding to different motions of the top, can be considered
geometrically, as manifolds in the four-dimensional state space with coordinates G, φ′, θ, θ ′

(or, alternatively, ψ ′, φ′, θ, θ ′—and we are not including φ because of rotation symmetry).
Our main focus of attention has been the pure precession slow manifold (4.5); this is a 2-surface
in the 3-space G, θ, φ′ with θ ′ = 0. The pendulum-swinging motions (4.11) are curves on
the 2-surface θ, θ ′ with φ′ = 0, G = 0, labelled by the constant in (4.11). Each constant
value of jφ (equation (3.4)) labels a 3-surface in the full 4-space, parallel to the θ ′ direction;
these 3-surfaces constitute a foliation of the 4-space—as the pages (‘leaves’) of a book fill its
volume. Each constant energy (equation (3.10)) labels a 3-surface in the full 4-space; these
3-surfaces constitute a foliation of the 4-space, different from the jφ foliation. The existence
of multiple solutions that do not correspond to the slow manifold, and which are excluded by
requiring the correct asymptotic limit, is also a feature of more general problems [6].

5. Connection with Hannay angle

Consider now the motion of a point P on the top (figure 1), described by the angle ψ—that is,
the fast motion—and ask: after a full precession cycle, in which the axis rotates once, that is,
�φ = 2π , where is P? Alternatively: what is the change �ψ? The naive answer, in terms of
the elementary theory of section 2, is that if the cycle takes a (scaled) time T and the fast spin
has angular velocity ωψ, then

�ψ = ωψT = B

A
GT. (5.1)

And since, from (2.7),

T = 2πG, (5.2)

this would give

�ψ = 2πB

A
G2. (5.3)

But this is wrong, for the same reason as the naive theory of section 2: it ignores the
geometric contribution to the angular velocity ωψ about er. From the exact (3.1), and noting
that ωψ is conserved, the true position of P is given by

�ψ = ωψT −
∫ T

0
dτ φ′(τ ) cos θ(τ )

= ωψT − 2π +
∫ T

0
dτ φ′(τ ) (1 − cos θ(τ )). (5.4)

The extra contribution, correcting the ‘dynamical’ angle ωψT , is the Hannay angle [10], which
arises generally in systems where a rapidly-cycling component is driven by a slowly-cycled
one and is the classical counterpart of the quantum geometric phase [23–26]. Ignoring the 2π

which arises from the one-turn slippage of the coordinate system, we have the Hannay angle

γ =
∫ T

0
dτ φ′(τ )(1 − cos θ(τ ))

= solid angle swept by the axis in one precession cycle. (5.5)

Hannay obtained the same result by considering a manually driven top, and called the solid
angle ‘a rather obvious realisation of the extra angle change’ [10].

However, (5.5) is exact also for the gravity-driven top we are considering, in which the
fast spin is coupled to the motion of the axis, and for general motions, including nutation.
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For the special pure precession we are considering here, the precession time T is given by the
modified frequency (4.8), and a short calculation gives, from (5.4), the exact result

�ψ

2π
= BG2

A

(
1
2 + 1

2

√
1 − 4

G2
cos θ

)
− cos θ

= B

A
G2 − cos θ

(
1 +

B

A

)
− B

AG2
cos2 θ

(
1 + 2

cos θ

G2
+ 5

cos2 θ

G4
+ · · ·

)
.

(5.6)

Thus the series in powers of 1/G appears with a dual significance: as corrections to the reaction
forces determining the slow motion of the axis, and corrections to the position of points on
the fast-spinning top. An unexpected feature of (5.6) is that the term independent of G is not
simply the solid angle but contains an additional term 2π (B/A) cos θ .

In the argument presented here, the correction appears in the form of extra contributions
to the dynamical angle. This is because we have regarded G and θ as fixed, with the slow
manifold (4.5) determining φ′. But it can equally appear as corrections to both the Hannay
angle (solid angle) and the dynamical angle. For example, if the fixed quantities are regarded
as G and an axis inclination θ0, with φ′ defined in terms of a specified inclination angle θ0 by
(cf (4.8))

φ′ = 1

G
+

cos θ0

G3
, (5.7)

with the slow manifold (4.4) determining θ , then (5.4) can be wrtten
�ψ

2π
= BG2

A
(
1 + cos θ0

G2

) − cos θ0(
1 + cos θ0

G2

)2 , (5.8)

in which the first term is dynamical and the second term is the Hannay angle, with both being
power series in 1/G2. This reflects a general interpretational ambiguity, analogous to that for
the quantum geometric phase, which together with its corrections can also be considered as
dynamical (see the end of section 2 of [27]).

6. Concluding remarks

The main result of this analysis of the top is the derivation of the formula (4.5), and its
equivalent (4.8), for the slow manifold. This gives the exact, that is modified, frequency of
pure precession, correcting the elementary theory of section 2. The slow manifold can be
expanded in a series in powers of slowness (equation (4.9)), whose terms can be interpreted as
successive reaction forces, all of geometric type, of the fast spin on the slow motion of the axis.
Alternatively, as explained in section 5 the series gives corrections to the phase of the fast
motion, including the Hannay angle, that describes the position of a material point on the top
after a complete turn of the axis. As described at the end of section 4, pure precession is a
special motion, corresponding to a restriction of the full state space of the top’s motion to a
particular subspace: the slow manifold.

Of course the precession formula is not a new result; there are simpler ways to obtain it,
and we listed some of them in section 4. We repeat the purpose of our analysis: to illustrate
in a simple way some dynamical concepts that are usually presented in abstract generality.

It was understood long ago [13] that pure precession is a special motion, which can be
regarded as a singular solution of the full equations of motion for the top. Yet it is the most
familiar motion, exhibiting in the most dramatic way the top’s apparent defiance of gravity.
Pure precession is familiar because in practice the nutation in the more general motion is soon
damped out by friction (which can also introduce counterintuitive effects [28, 29]).
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Appendix. Derivation of (4.4)

In order to substitute (4.2) into (3.6), we need

er × ez = − sin θ eφ (A.1)

and the acceleration, which using (4.3) is

e′′
r = (γ sin θ ∂θβ + γ β cos θ) eφ + γ ∂θγeθ + β (θ,G) sin θ e′

φ + γ (θ,G) e′
θ . (A.2)

We also need

e′
θ = θ ′∂θeθ + φ′∂φeθ = −γer + β cos θeφ

e′
φ = θ ′∂θeφ + φ′∂φeφ = −β cos θeθ − β sin θer .

(A.3)

Then evaluating er × e′′
r and substituting into (3.6) gives (4.4).
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1898 by Teubner)

[14] Klein F and Sommerfeld A 2008 The Theory of the Top, Volume I: Introduction to the Kinematics and Kinetics of
the Top translated by R J Nagen and G Sandri (Boston: Birkhäuser) (Originally published 1897 by Teubner)
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