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Abstract
The probability distribution of the magnitude C of the curvature 2-form, that underlies the
quantum geometric phase and the reaction force of geometric magnetism, is calculated for
an ensemble of three-parameter Hamiltonians represented by the gaussian unitary ensem-
ble of N ×N matrices. The distributions are determined analytically: exactly for N� 2 and
approximately for N≥3, and compared with simulations. The distributions decay asymptot-
ically as 1/C5/2; this is a consequence of the codimension of energy-level degeneracies in the
ensemble.

Keywords Random-matrix · 2-form · Quantum statistics · Degeneracies

1 Introduction

A central mathematical object in geometric phase physics [1], emphasised in [2], is the curva-
ture of fibre bundle theory [3]. This is a 2-form in the space of parameters onwhich a system’s
Hamiltonian depends. It plays a dual role: its flux through a circuit is the geometric phase
[4], and it describes an effective reaction force of ‘geometric magnetism’ on the parameters
when these are regarded as dynamical variables [5–7]. The curvature has been calculated for
individual systems, for example for electrons in condensed-matter physics [8, 9].

Herewe calculate the probability distribution of the curvature in a natural ‘minimalmodel’
[10, 11] for an ensemble of systems. Our motivation is the presence of disorder in many
realistic physical situations [12–14], making it necessary to consider geometric curvature
in the associated quantum states (for example in the quantum Hall effect [15, 16]). These
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states can be represented as eigenfunctions of random matrices, so it is natural to study the
distribution of curvatures for the simplest random-matrix ensembles. Curvature distributions
are also relevant when there are many-body interactions (see e.g. [17]).

Our calculation extends pioneering studies [18] of the statistics of the monopole sin-
gularities of the curvature (first Chern class [19] of the associated connection, describing
degeneracies in parameter space, as pointed out in [4] and [2]—see also [20]). For many
technical details, we will refer to our previous studies of curvature statistics [21] (hereinafter
called I), and the appendix of [22]. Our reason for revisiting the subject is that in those papers
we missed two central simplifications.

Degeneracies are central to understanding the curvature [4], and by the
Von Neumann–Wigner theorem [23] they have codimension 3, so it is natural to con-
sider a space of three parameters, for which the curvature is a vector C. Then, for the state
labelled n of the parameter-dependent Hamiltonian H, C can be written

C(n) � Im〈∇n(r)| × |∇n(r)〉, r � {x, y, z} (1.1)

We will calculate the probability distribution of the length C� |C|, for an ensemble of
Hamiltonians.

For the present purpose, a sufficiently general form for the parameter dependence, and
the ensemble, (introduced in [18]), is

H(r) � H0 + r · H1, H1 � {
Hx , Hy, Hz

}
. (1.2)

Here r is the vector of parameters, and the Hamiltonians H0, H1 are four N ×N matrices
drawn from the Gaussian unitary ensemble (GUE) of random-matrix theory.

In I we considered just two parameters. Denoting these by y and z, the associated cur-
vature is the x component of the vector C, which, after manipulation of the eigenequation
H |n〉 � En |n〉 [4], can be represented

C (n)
x � 2Im

〈
∂yn

∣∣ ∂zn
〉 � 2

N∑

m ��n�1

Im〈n|Hy |m〉〈m|Hz |n〉
(En − Em)2

. (1.3)

For our three-parameter formulation, similar formulas give C (n)
y and C (n)

z .
Some of the technical detail in I concerned the way in which the probability distribution

of C (n)
x depends on the parameters. This is however unnecessary because (referring now to

the three-parameter case) when calculating the curvature statistics at r� r0 these parameters
can be absorbed into H0 by the substitution H0 + r0 · H1 → H0. Therefore we henceforth
consider the statistics at r� 0, so the (ordered) eigenvalues En and eigenstates |n〉 refer to
H0.

The length (magnitude) C of the curvature vector is

C (n) �
√
C (n)2
x + C (n)2

y + C (n)2
z . (1.4)

We seek its probability distribution:

P(C) � 〈
δ
(
C − C (n))〉, (1.5)

in which 〈· · ·〉 denotes the average over the ensemble of four GUE matrices H0,H1. In I, we
calculated the probability distribution of the component

Px (Cx ) � 〈
δ
(
Cx − C (n)

x

)〉
. (1.6)
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The probability distributions of the components Cx and Cy are the same. Although the three
components are not statistically independent, isotropy enables the desired length distribution
to be calculated from the 3D tomography formula [22, 24]. Thus (and henceforth omitting
the index n because this will no longer cause confusion)

P(C) � −2C

(
∂Px (Cx )

∂Cx

)

Cx�C
. (1.7)

An essential feature of the detailed results to follow can be captured by understanding
the codimension of the degeneracies between the energies En and En±1, which from (1.3)
govern the large values ofC. This is a further example of the power of codimension arguments
used previously to determine exponents of quantities involving singularities [25]: for random
waves, the singularities are the caustics of geometrical optics [26]; for local wavevectors in
electromagnetic fields, the singularities are zeros of the fields [22]; and for the level spacings
S in random-matrix ensembles [27], the singularities are the degeneracies that are relevant
here (Sect. 5 of [28]). From (1.3), C ∼ S−2, and from the GUE the level spacing probability
PS(S) ∼ S2, because degeneracies have codimension three. Thus, for large C,

P(C) ∼
∫

dSS2δ

(
C − 1

S2

)
∼ 1

|C |5/2 . (1.8)

2 2× 2 Hamiltonians

For N� 2 there are only two states n, so the sum (1.3) involves one term. Following I, we
split the complex matrix elements into real and imaginary parts. Using the obvious notation

〈1|Hy |2〉 ≡ uy − ivy, 〈2|Hz |1〉 ≡ uz + ivz, E2 − E1 ≡ S, (2.1)

the curvature component is

Cx � 2
(
uyvz − uzvy

)

S2
. (2.2)

Its distribution was calculated in I, and it is not necessary to repeat the details. The result was

Px (Cx ) � 3

(1 + 4|C |)5/2 , (2.3)

From the tomography formula (1.7), the curvature length distribution follows immediately:

P(C) � 60C

(1 + 4|C |)7/2 . (2.4)

For large C, this decays as anticipated according to (1.8). As with all fat-tailed distributions,
different features of C are represented by widely differing values; the mode, mean, and
logarithmic mean are

Cmax � 1
10 , 〈C〉 � 1, exp(〈logC〉) � e−1 � 0.3679 (2.5)

This distribution is the full curve in Fig. 1. The first panel of Fig. 2 shows the good
agreement with the results of an ensemble simulation, calculated from 10,000 samples of the
four GUE matrices in the Hamiltonian (1.2).
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Fig. 1 Full curve: N� 2 curvature
length distribution (2.4); dashed
curve (red online): distribution
(3.7) for N >2 for uncorrelated
spacings; dotted curve: length
distribution for correlated
spacings calculated from (3.12)
and (3.13) of I, using (1.7)
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Fig. 2 Comparison of theoretical curvature length distributions (full curves) with simulations (histograms)
calculated from ensembles of sets of the four N×N GUE matrices in (1.2), for the indicated values of N

3 N×NHamiltonians (N>2)

For N≥3, the sum in (1.3) contains more than one term. To calculate P(C), we make two
approximations. The first is to include only nearest-neighbour terms, i.e. m� n ±1, which
will dominate the sum in (1.3) for all curvatures n except those corresponding to the largest
or smallest eigenvalues—cases we do not consider. This amounts to a 3×3 approximation
to the N ×N case, analogous to the 2×2 approximation that accurately reproduces the level
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spacings for N ×N matrices in random-matrix theory. Thus, denoting the terms m� n ±1
by 1 and 2, the curvature component can be written

Cx � u1yv1z − u1zv1y
S21

+
u2yv2z − u2zv2y

S22
. (3.1)

To perform the average 〈· · ·〉 in (1.6), we start by writing the δ function as a fourier
integral. Next, we note that the 8 matrix elements u1y…v2z are statistically independent of
the level spacings S1, S2, because for r� 0 the three matrices H1 are independent of H0,
on which En and the state n depend. We perform the average over the matrix elements first.
This is easy because these are gauss-distributed and all independent. The calculation with
r� 0 is simpler than in I, because there we considered r ��0, for which some of the matrix
elements are correlated. Then we integrate over the Fourier variable. Finally we incorporate
the tomography formula (1.7). Thus we obtain the length distribution

P(C) � C

〈
S41 S

4
2

S41 − S42

(
exp

(−CS22
) − exp

(−CS21
))

〉

. (3.2)

The final step is performing the average over the neighbouring spacings S1 and S2. Here
the second approximation enters: neglecting correlations between these spacings. In fact they
are correlated, and this was included in I using the known [29] exact 2-spacings distribution
for 3×3 GUE matrices. But the correlations are weak: from the 3×3 distribution,

〈S1S2〉/〈S1〉2 − 1 ≈ −0.050. (3.3)

Neglecting these correlations leads to very similar distributions, with the advantage that
the formulas are much less complicated. So, to calculate the average in (3.2) we use the
single-spacings approximation with mean 〈S〉:

P12(S1, S2) ≈ PGUE(S1, 〈S〉)PGUE(S2, 〈S〉),

where PGUE(S, 〈S〉) � 32S2

π2〈S〉3 exp

(
− 4S2

π〈S〉2
)

. (3.4)

The averaging can be performed analytically by introducing polar coordinates for the
integration over S1 and S2. The result is conveniently expressed in terms of a scaling formula
involving the mean curvature. This is

〈C〉 � 2

〈
1

S21
+

1

S22
− 1

S21 + S22

〉

� 28

π〈S〉2 ≈ 28N

π3 � 0.903043N (3.5)

in which the approximation for the mean level spacing, namely 〈S〉 ≈ π/
√
N , refers to states

near the middle of the spectrum, and can easily be derived from the semicircle distribution
for the mean level density. The result is

P(C) � 1

〈C〉 P0
(

C

〈C〉
)

, (3.6)

in which the scaling function is

P0(c) � 3

686c4

(
64 +

f (c)

(1 + 7c)3/2 (2 + 7c)5

)
,

f (c) � − 2048 − 57344c − 664832c2 − 4126976c3 − 14713328c4

− 29580320c5 − 23529800c6 − 32941720c7 − 28824005c8. (3.7)
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The asymptotic forms of this function for large and small c are

P0(c) � 15

14
√
7c5/2

+ O

(
1

c7/2

)
≈ 0.40496

c5/2
(c  1)

P0(c) � 25725

32
c2 + O

(
c3

) ≈ 803.91c2 (c � 1). (3.8)

Again the function has a fat tail, and we note the very different mode, mean, and logarithmic
mean:

Cmax � 0.162558, 〈c〉 � 1, exp〈log c〉 � 4

7
exp

(
1

2
π − 11

6

)
� 0.439485 (3.9)

The distribution (3.7) is the dashed curve in Fig. 1. Also illustrated there, as the very
similar dotted curve, is the much more complicated length distribution calculated using (1.7)
from the results in I where correlations between S1 and S2 are included. In Fig. 2, the panels
for N>2 illustrate how well the approximate distribution (3.7) agrees with simulations.

4 Concluding Remarks

The main results of this paper are the curvature length distributions P(C) for the minimal
model described in Sect. 1: formula (2.4) for N� 2, and (3.5)–(3.7) for N≥3. These are fat-
tailed distributions, decaying as C−5/2, because, as implied by the codimension arguments
in Sect. 1, members of the ensemble (or parameter values) for whichH0 is nearly degenerate
contribute disproportionally large values of C. The exponent –5/2 is universal, in the sense
that it survives beyond our minimal model and the approximations in the derivation forN≥3.

For N� 2, the calculation is exact. For N≥3 we made two approximations: neglect
of contributions from states m except m±1, i.e. those with energies closest to the energy
En of the state n being considered; and neglect of correlations between the two spacings
S1 �En –En–1 and S2 �En+1 –En. Including states beyond nearest neighbours is analytically
possible for the average over thematrix elements and the integration over the Fourier variable,
but the further average over the spacings leads to intractable integrals, even in the independent-
spacings approximation.Within the nearest-neighbour approximation, it is possible to include
correlations between the two spacings [22, 29], but the increased accuracy is small (see Fig. 1)
and the resulting formulas much more complicated.
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