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Abstract
Quantum waves evolving or propagating inside one-dimensionalboxes generate
‘quantum carpets’: intricate patterns in spacetime. The formally equivalent pat-
terns in classical paraxial optics are observed as the Talbot effect. Boxes that are
leaky, i.e. with penetrable walls, can be modelled by representing the walls as
nonhermitian boundaries. The waves are superpositions of discrete eigenmodes
with complex eigenvalues. Several different boundary conditions are explored,
in which the Robin parameter—ratio of the mode derivatives and their values
at the walls—may or may not depend on the eigenvalue. Nonhermitian models,
which ignore the waves leaking outside the box, or represent them in simpli!ed
form, are approximations. For one physical model, the evolving wave in the
full space can be calculated exactly, indicating that the nonhermitian model for
the wave inside is highly accurate. Leaky boxes can be useful pedagogically:
as introductory examples of nonhermiticity and biorthogonality (left and right
eigenvectors), and as a rich source of postgraduate or advanced undergraduate
student projects, exploring many variants.
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(Some !gures may appear in colour only in the online journal)

1. Introduction

It is well understood that the evolution of con!ned quantum waves !(x, t) can be exactly
or approximately periodic in t, i.e. can exhibit ‘quantum revivals’ [1–5], and can possess
rich structure in the x, t plane [6]. Details of these ‘quantum carpets in spacetime’ depend
on the initial state !(x, 0) [7]. An optical analogue, in which the paraxial wave equation
replaces the time-dependent Schrödinger equation, is repetitions in the Talbot effect [8–12]:
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diffraction from a periodic diffraction grating with transmission function !(x, 0), with t
representing propagation distance.

My purpose here is to explore a class of variants, in which the box is leaky, in the sense
that its walls are partly penetrable. This is interesting for possible applications, for example
to the propagation of electrons in carbon nanotubes [13]. It is also interesting for pedagog-
ical reasons, which is the emphasis here. If attention is restricted to the wave inside the
box, its leaky walls can be approximated by a variety of nonhermitian boundary conditions.
Further exploration of the resulting carpets opens opportunities for a range of postgradu-
ate or advanced undergraduate student projects, illustrating for example the concepts of left
and right eigenvectors, discrete and continuous spectra, and different boundary conditions.
In what follows, I will use both quantum terminology, involving potentials, and classical
optics terminology, involving refractive indices, to emphasise the equivalence of the two
formulations.

Nonhermitian models arise in physics [14–16] as approximate descriptions of systems that
are regarded as isolated, even though they exist in a larger environment. In the present case,
the ‘system’ is the quantum carpet inside the box, and the ‘environment’ is the wave that has
leaked outside.

Section 2 presents the general formalism, in which the evolving wave in the box is expressed
as a superposition of monochromatic, usually complex, modes, and the walls of the box are
modelled by local Robin boundary conditions [17], specifying the ratio between the wave
and its derivative at the wall; these are the most general local linear boundary conditions. In
section 3, several different Robin conditions are explored. Section 3.1 deals with the simplest
case, in which the Robin parameter is independent of energy; this includes as special cases the
more familiar non-leaky (i.e. Hermitian) Dirichlet and Neumann carpets. Section 3.2 models
walls separating the inside of the box as free space (i.e. zero potential or refractive index unity)
from the outside where the refractive index is constant but different from unity. Section 3.3
models the walls as "-function quantum potential barriers separating the inside and outside
where the potential in both is zero.

There is an apparent paradox in the nonhermitian models: when continued outside the box,
their discrete monochromatic eigenmodes grow exponentially as |x| increases. The resolution
is that including waves outside the box requires a continuum of modes, whose time-dependent
superposition exhibits the expected decay in |x| as well as t. This is illustrated in appendix A
for the simple exactly solvable problem of a pulse encountering a single wall, modelled as a
refractive-index discontinuity.

The nonhermitian boundary conditions that are our main focus correspond to approximate
models of the full Hermitian problem, including the waves that have leaked outside the box.
This has been studied in detail elsewhere [13]; I also consider it in section 4, for the "-function
potential wall model. Section 4.1 introduces the eigenmodes; these are continuum-orthogonal
as explained in appendix B. Section 4.2 is the derivation of an exact integral representation,
valid inside and outside. Section 4.3 explains how the eigenmodes of the nonhermitian model
are resonances in the full model. Section 4.4 outlines the asymptotics far outside the box.

The concluding section 5 lists a number of possible further investigations that deserve study.

2. Leaky box formulation

The evolution of a quantum particle is here considered to be governed by the time-dependent
Schrödinger equation, written for convenience for h̄ = 1, mass = 1/2. The box is the region
"1 ! x ! 1, to which the particle is initially con!ned, with initial state !(x, 0) = !0(x). Thus
it is necessary to solve
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i#t!(x, t) = "#2
x!(x, t), !(x, 0) = !0(x). (2.1)

The wave inside the box can be expressed as a superposition of monochromatic modes un(x)
with wavenumbers kn, mode coef!cients an, and energies k2

n:

!(x, t) =
#!

n=0

anun(x) exp
"
"ik2

nt
#
. (2.2)

The modes satisfy the Helmholtz equation

#2
x un(x) + k2

nun(x) = 0· (2.3)

If the walls are identical, the modes are purely even or purely odd. It will suf!ce to consider
only the even states, for which

#xun(0) = 0, (2.4)

so it is necessary to study only the region 0 ! x ! 1. To represent the wall at x = +1, I choose
Robin boundary conditions, speci!ed by parameters Cn de!ned by

#xun(1) = Cnun(1). (2.5)

The Cn can be real (Hermitian case, with impenetrable walls) or complex (nonhermitian
case, with leaky walls), and can be either independent of n, i.e. independent of energy, as in
section 3.1, or energy-dependent, as in sections 3.2 and 3.3. The even states, satisfying (2.3)
and (2.4), are

un(x) = cos(knx). (2.6)

Application of the Robin condition (2.5) gives the quantum condition

kn tan(kn) = "Cn· (2.7)

The un(x) are the right eigenvectors, in the sense that they are to the right of the operator
whose action determines them. Calculation of the coef!cients an in the time-dependent super-
position (2.2) requires also the left eigenvectors un(x), related to un(x) by the biorthogonality
condition

$ 1

0
dx um(x)un(x) = "mn. (2.8)

For nonhermitian operators, un(x) is often different from un(x) or u!
n(x). Thus the coef!cients

in (2.2) are

an =

$ 1

0
dx un(x)!0(x). (2.9)

Nonhermiticity can be expressed in terms of the probability current in the box. This is the
local expectation Im[!!(x)#x!(x)] of the momentum operator "i#x. At the wall, the current
for each mode is
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jn = Im
%
u!

n(1)#xun(1)
&

= |un(1)|2 Im[Cn]. (2.10)

Therefore the condition for probability to "ow out of the box, rather than into it, is

Im[Cn] > 0. (2.11)

Associated with this leak is the requirement that the state decays with t, for which the time
factor in (2.2) gives the condition

Im
%
k2

n

&
< 0. (2.12)

An implication is that nonhermitian evolution is a coarsening transformation: !ne detail in the
initial state, represented by larger values of Re(kn), are suppressed faster.

It is instructive to note the re"ected intensity corresponding to an initial plane wave with
unit intensity, incident on one of the walls. An elementary calculation leads to

|R|2 =
(Re Cn + Im kn)2 + (Im Cn " Re kn)2

(Re Cn " Im kn)2 + (Im Cn + Re kn)2 . (2.13)

Different initial waves !0(x) evolve into carpets that can look very different. For example,
when the Cn are real (the Hermitian case), initial waves that are not smooth generate carpets
that are fractal [7]; the simplest case is !0(x) = 1, which is discontinuous at the walls. In
this paper, all the carpets for which numerical calculations will be displayed evolve from a
particular smooth initial state, conveniently chosen as

!0(x) = exp
'
" x2

2L2

(
cos(qx). (2.14)

This represents two Gaussian beams with waist widths L, whose centres would, in the absence
of walls, travel with momenta ±q and velocities ±2q (because mass = 1

2 in (2.1)), that is,

x(t) = ±2qt· (2.15)

(Strictly, the initial state (2.14) is not con!ned to the box, but for the small widths L considered
here the values outside are negligible.)

In these nonhermitian models, the wave inside the box is represented as a discrete sum of
eigenmodes (2.6) with eigenvalues determined by (2.7). Analyticity prevents continuation of
these modes to represent initial states that are zero everywhere outside the box. Therefore the
nonhermitian models are approximations. In the full space 0 ! x < #, exact representation
of the state requires a continuous superposition, as will be discussed in section 4. The rea-
son for studying nonhermitian models is that where they are intended to apply, namely inside
the box, they provide accurate and easily calculable descriptions of the carpets. The com-
plex eigenmodes in the Hermitian theory will reappear as resonances in the exact theory of
section 4.3.
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3. Examples of nonhermitian boundaries

3.1. Energy-independent Robin conditions

In this simplest case, the Robin parameters in (2.5) are the same for all modes: Cn = C. Then
the right eigenvectors are self-orthogonal, because

$ 1

0
dx cos(kmx) cos(kmx) =

1
2

'
sin(km " kn)

km " kn
+

sin(km + kn)
km + kn

(

=
cos km cos kn"

k2
m " k2

n

# (km tan km " kn tan kn)

=
1
2

'
1 +

sin(2km)
2km

(
"mn, (3.1)

where the !nal equality follows from (2.7) with Cn = C. Thus the left eigenvectors, from the
biorthogonality condition (2.8), are

un(x) =
2 cos(knx))
1 + sin(2kn)

2kn

* . (3.2)

For the initial state (2.14), the expansion coef!cients in (2.2) are

an =
L
$

2$
"
exp

"
" 1

2 (kn " q)2L2
#

+ exp
"
" 1

2 (kn + q)2L2
##

)
1 + sin(2kn)

2kn

* . (3.3)

If C is real, the boundary condition is Hermitian and the box is not leaky. Two important
cases are Dirichlet and Neumann boundary conditions:

Dirichlet : C %# : kn, =
'

n +
1
2

(
$; Neumann : C % 0 : kn = n$. (3.4)

For these special cases, the evolution is periodic, with quantum revival time (period of the
carpet intensity) T r = 1/$ (with a half-period x % x + 1 shift in the Neumann case). Although
in all other cases the evolution is not periodic, I will often display carpets over the time interval
0 ! t ! T r.

Figures 1(a) and (b) show the full Dirichlet and Neumann carpets. The dominant features
are diagonal lines, super!cially similar for both, and familiar in Talbot and quantum carpets
[7, 11, 12]; they arise from interference (constructive or destructive, different for the two cases)
between waves re"ected by the walls. Figures 1(c) and (d) show the short-time evolution; the
two semiclassical Gaussian beams are indistinguishable except very close to the walls with
their different boundary conditions. Figures 1(e) and (f) show the evolution along the centre
line x = 0.

For general complex C, the mode wavenumbers kn are complex, and analysis of the quantum
condition (2.7) gives the following asymptotic approximations:

kn &
'

n +
1
2

(
$

'
1 +

1
C

( '
1 ! n ' |C|

$

(

kn & n$ " C
n$

'
n ( |C|

$

(

k0 & "iC·

(3.5)
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Figure 1. Dirichlet (a), (c) and (e) and Neumann (b), (d) and (f) quantum carpet strength
|!|, for the initial state (2.14) with L = 0.1, q = 20. Figures (a) and (b) show the full
carpets in spacetime (x, t) over a revival period 0 ! t ! T r, together with the intensity
colour code (far right) also used in subsequent illustrations. Figures (c) and (d) show
the early evolution between t = 0 and t = T r/40. Figures (e) and (f) show the evolution
at x = 0.

The eigenvalues kn!1 lie along lines: the real k axis for real C and curved below and close to
it for complex C, with the ‘rogue mode’ k0 being located off these lines. Figure 2 shows some
of them.

Figure 3 contrasts a Hermitian (fully con!ned) quantum carpet (a) and (c) with a nonhermi-
tian (leaky) carpet (b) and (d), showing the intensity decreasing as t increases and probability
leaks out of the box. Figures 3(a) and (c) closely resemble, but are not identical to, their
Neumann counterparts in !gures 1(b) and (f)

3.2. Boundary between refracting media

A physical model of a leaky box is (using optics terminology) waves in a medium with positive
real refractive index µ outside the box, i.e. |x| > 1, and µ = 1 inside. In the full space "# <
x < # this is a Hermitian system: no probability is lost. But for a nonhermitian
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Figure 2. Robin eigenvalues kn (zeros of f (k) = k tan k + C) in the complex k plane
(red dots), for (a) C = 5, (b) C = 5 + 10i. The full and dashed curves are zeros of Re
f (k) and Im f (k), and their intersections are the eigenvalues.

Figure 3. Carpets (a) and (b) and strengths |!| for x = 0 (c) and (d), for Hermitian Robin
parameter C = 5 (a) and (c) and nonhermitian parameter C = 5 + 3i (b) and (d), for the
initial state (2.14) with L = 0.1, q = 20. These carpets are not periodic, but the t range
shown is 0 ! 0 ! T r, corresponding to the Dirichlet and Neumann revival time.

approximate model for the wave inside the box, it is natural to represent the waves outside
as purely outgoing:

un(x > 1) = cos(kn) exp(iµkn(x " 1)). (3.6)

The reason that this is an approximate model is a consequence of the fact, explained at the end
of section 2, that a discrete sum of modes cannot describe an initial wave that is zero outside

7
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Figure 4. (a) Right eigenvector u3(x), (b) left eigenvector u3(x), for µ = 2. Full black
curves: real parts; dashed black curves: imaginary parts; red curves: modulus.

the box; there will be unwanted initial waves outside. These will propagate towards and into
the box as well as away from it, violating the outgoing condition (3.6).

With the outgoing approximation in the form (3.6), the wave ! is continuous at the wall
x = 1. Continuity of #x! is equivalent to a Robin condition with parameter and quantum
condition (cf (2.7))

Cn = iµkn ) tan kn = "iµ. (3.7)

This is both simpler and more complicated than the case of energy-independent complex C
considered in the previous section. It is simpler, because the eigenvalues can be expressed
explicitly:

kn =

+
,,-

,,.

n$ " i arctanh µ (µ < 1)
'

n +
1
2

(
$ " i arccoth µ (µ > 1).

(3.8)

It is more complicated, because the modes un(x) are not self-orthogonal. The left eigenvectors
can be written as superpositions of the right eigenvectors, and the condition (2.8) gives, with
(2.6),

un(x) =
#!

m=0

"
M"1#

nmum(x), (3.9)

involving the inverse of the matrix M, given by the overlap integral of um(x) and un(x) (cf the
!rst two equalities in (3.1)):

Mmn =
1
2

'
1 +

sin(2km)
2km

(
"mn "

iµ cos km cos kn

km + kn
(1 " "mn). (3.10)

If M were diagonal, the left and right eigenvectors would be identical. For non-diagonal M,
the left and right eigenvectors are different, especially near the wall, but get more similar as n
increases. Even for small n, the difference between the two is small, as illustrated in !gure 4
for n = 3.

It is not dif!cult to compute the carpets using (2.2) with the coef!cients an computed from
(2.9). They look similar to those in !gure 3. The leakage is strongest for µ near 1, and gets
weaker as µ% 0 or µ%#, because then the familiar result |R|2 = (µ " 1)2/(µ + 1)2 (which
also follows from (2.13) with (3.7)) implies that |R|2 % 1.

8
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Note the apparent paradox already mentioned: for (3.6) to represent an outgoing wave for
µ > 0, Re k must be positive. But then (2.12) implies that Im kn < 0, so that the outgoing
waves grow exponentially with x. The paradox is resolved in section 4, where it is shown
that notwithstanding the divergence of the individual modes the continuous superposition that
represents the evolving wave outside the box decays with x. And appendix A presents a simple
exactly-solvable model illustrating the decay with x.

3.3. Delta-function boundary potential

In a different model of a leaky box, the walls separate free-space regions inside and outside
and are modelled by a "-function potential barrier with (real) strength A:

V(x) = A("(x " 1) + "(x + 1)). (3.11)

The state is continuous across each wall, and integration of the Schrödinger equation gives the
well known result [18] that the slope is discontinuous. For the wall at x = 1,

#x!(1 + %, t) " #x!(1 " %, t) = A!(1, t)
"
%% 0+

#
. (3.12)

A nonhermitian approximate model, analogous to that in the previous section, again
represents the each mode outside by an outgoing wave:

un(x > 1) = cos(kn) exp(ikn(x " 1)). (3.13)

This leads to (cf (3.7)) to Robin boundary conditions, with parameter and quantum condition

Cn = ikn " A ) kn tan kn = A " ikn. (3.14)

The eigenvalues are not expressible analytically, unlike those in the previous section. But the
left eigenvectors are given by the same formulas (3.9) and (3.10).

Again it is easy to calculate the carpets, and they look similar to those in !gure 3. The leaks
are weaker, i.e. the box is more con!ning, for large A, because then the re"ection coef!cient

|R|2 =
1

1 + 4 Im kn
A + 4|kn |2

A2

(3.15)

(which follows from (2.13)), is closer to unity.

4. Thinking outside the box

4.1. Orthogonal continuum modes inside and outside the box

Our main interest is in creating approximate nonhermitian models for states inside the leaky
box, not outside. The Hermitian system consisting of the waves outside as well as inside been
discussed elsewhere [13, 19–22]. But it is necessary also to consider it here in order to address
the apparent paradox identi!ed earlier: the modes in (3.6) and (3.13) are outgoing, because
Re kn>0, but they increase exponentially with x, because the quantum conditions, imposed to
make the state decay as t increases (cf (2.12)), imply Im kn < 0.
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In this section, I consider the physical model of the previous section, in which the walls
are represented by the "-function potential barriers (3.11), but now consider the full positive x
axis, inside and outside the box. For the states even in x the eigenmodes with non-quantised
energy, exactly satisfying the condition (3.12) across the wall, are

u(x, k) = cos(kx) +
A
k

cos k sin(k(x " 1))!(x " 1), (4.1)

in which the mode wavenumber k is a continuous parameter.
These are modes of a Hermitian operator with real energy k2, so only real k > 0 need be

considered. Moreover, the modes must be continuum-orthogonal. This is not obvious, but it is
shown in the appendix that

$ #

0
dx u(x, k1)u(x, k2) =

1
2
$"(k1 " k2)F(k2), (4.2)

where

F(k) = 1 " A
k

sin(2k) +
A2

k2 cos2 k

=
cos2 k

k2 (k tan k " A + ik)(k tan k " A " ik). (4.3)

In the third member, the zeros of the !rst parenthesis are the discrete eigenvalues kn of the
nonhermitian model, given by (3.14), now revealed as resonances [21] in the full Hermitian
theory. For Re kn > 0, these zeros lie in the lower half-plane, i.e. Im kn < 0. The zeros of the
second parenthesis are their counterparts with Im kn > 0.

4.2. Superposing the modes

The evolving wave in the full interval 0 ! x <#, solving (2.1), is a superposition of the modes
(4.1), namely

!(x, t) =

$ #

0
dka(k)u(x, k) exp

"
"ik2 t

#
(4.4)

and orthogonality gives

a(k) =
2
/ 1

0 dx !(x, 0)u(x, k)
$F(k)

. (4.5)

The factor 1/F(k) was obtained earlier, in studies [19, 20] of the propagator for " potentials.
The representation (4.4) is exact. Although the integral is conditionally convergent, it can be

evaluated numerically by truncating the integral for suf!ciently large k. But this is an inef!cient
method. A better procedure, to be explained in the next sub-section, was used to compute
!gure 5, which shows a carpet including some of the waves that have leaked outside the box.
Note the coarsening of the carpet inside the box as t increases. The wave outside is concentrated
on lines, whose slope is the same as that of the initial Gaussian beams for small t, indicating
that the leaks consist of transmissions following multiple re"ections.

It might be thought that the large value A = 50 in !gure 5 would represent a more con!ning,
i.e. less leaky, box. But the visible leaks are compatible with the re"ection intensity |R|2 esti-
mated from (3.15). This involves kn, which can be taken as the dominant wavenumber in the
initial state (2.14), namely q = 20. The contribution from Im kn in (3.15) is negligible ((3.14)
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Figure 5. Carpet amplitude |!(x, t)| inside and leaking outside a box with "-potential
walls (3.11) with A = 50, for L = 0.1, q = 20. The unexpectedly strong leakage is
explained in the text.

Figure 6. k plane, resonances (black dots) and rotated integration contour, for A = 5.

gives k7 = 20.08"0.1230i for A = 50), so |R|2 & 25
41 & 0.61, suf!ciently far from unity to give

noticeable leakage.

4.3. Separating the resonances

The integration contour in (4.4) can be deformed away from the positive real axis. Conver-
gence is determined by the factor exp("ik2t), and is therefore fastest for the contour C with arg
k = "$/4. As illustrated in !gure 6, this contour deformation collects contributions from the
poles in the denominator of the integrand, namely zeros of F(k) in (4.3). These are just the
eigenvalues (3.14) in the nonhermitian leaky box model, obtained in section 3.3. The contour
deformation avoids the zeros of F(k) with Im kn > 0, which would correspond to unphys-
ical contributions growing with t, representing a box that would suck probability in from
outside.

11
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Figure 7. Contributions (4.6) to the wave inside and outside the box, for (a) t = 1/1000,
A = 5; (b) t = 1/100; A = 5; (c) t = 1/$, A = 5, (d) t = 1/$, A = 1. Red: Re(!(x, t)) (exact);
black, dashed: Re(!poles(x, t)); black dotted: Re(!rotated(x, t)). Note the discontinuity of
slope, just visible in (d). Vertical lines indicate the walls at x = ±1.

Thus the integral (4.4) separates into a sum over the poles, plus the contribution from the
rotated contour:

!(x, t) = "4i
#!

m=0

/ 1
0 dy!(y, 0)u(y, km)

F*(km)
u(x, km) exp

"
"ik2

mt
#

+
2
$

$

C
dk

/ 1
0 dy!(y, 0)u(y, k)

F(k)
u(x, k) exp

"
"ik2t

#

+ !poles(x, t) + !rotated(x, t). (4.6)

Figure 7 illustrates these contributions by showing their contributions to Re !. Inside the box,
!poles gives an excellent approximation: even for small A, the contribution from !rotated is neg-
ligible. This justi!es the sum over eigenvalues in the nonhermitian model. Outside the box,
!poles is initially small but rises to unphysically large values as x increases (and these large val-
ues continue beyond the x range illustrated). However, these large values are almost cancelled
by !rotated, with the sum corresponding to the leaking part of the state as illustrated in !gure 5.

4.4. Far outside the box

For x ( 1, t !xed, the oscillatory integral (4.4) is dominated by the stationary-phase (saddle)
point on the real k axis. The relevant factor, with the mode u(x) in (4.1) contributing exp(ikx)/2,
is exp(i(kx " k2t). The saddle is at k = ks = x/2t, and straightforward application of the method
of stationary phase [23, 24] gives

!saddle(x, t) =

0
$

4t
a(ks) exp

'
i
4

'
x2

t
" $

((
. (4.7)
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The coef!cient a(ks) is given by (4.5), with F(k) given by (4.3). It suf!ces to set F(ks) & 1
because ks ( 1. Thus the intensity leaking far outside the box is

|!saddle(x, t)|2 =
1
$t

1111
$ 1

0
dy!(y, 0) cos

) x
2t

y
*1111

2

. (4.8)

This always decays with increasing x, in ways that depend on the initial wave inside the box.
For the Gaussian two-beam wave (2.14), the decay is proportional to exp("L2x2/4t2); for the
initial wave !(x, 0) = 1, the decay is much slower: proportional to 1/x2.

More sophisticated approximations can be envisaged: for the leaking wave for values of
x that are not large; for t ( 1, x !xed; or to explain the almost-cancellation of the !poles

by !rotated for large x. One procedure is to deform the integration contour in (4.4) to pass
through the saddle at ks before descending to capture those poles with Re kn > ks. An alter-
native is to expand 1/F(k) in powers of the re"ection coef!cient R, to express the state as
a series of multiple re"ections and transmissions. Further analysis will not be considered
here.

5. Concluding remarks

It is clear from the foregoing that leaky boxes are a rich source of phenomena in wave physics:
quantum, and, by analogy, optical. The emphasis here has been on nonhermitian models, in
which the ‘system’—the wave inside the box—is separated from the ‘environment’—the
wave leaking outside. Our analysis is far from complete. There are many loose ends. Some
could be a rich source of student projects (postgraduate or advanced undergraduate); they
include:

• Investigating different initial conditions !(x, 0). Our choice (2.14) represents initially
Gaussian beams, whose repeated re"ections from the walls interfere to generate the
carpet. In boxes that do not leak, initial conditions that are not smooth generate car-
pets structured by fractals [7]; leaks would smooth the fractals, by suppressing the high
frequencies.

• Understanding how the exactly periodic evolution in Dirichlet and Neumann
boxes—quantum revivals and Talbot repetitions—becomes approximately periodic,
not only for leaky boxes but also for boxes with real Robin parameters that are not
zero or in!nite. In Hermitian cases, this would involve the details of how the values of
Re kn deviate from arithmetic regularity; in nonhermitian cases it would also involve
Im kn.

• Studying different types of wall, for example smooth potential barriers.
• Exploring different ways to describe full Hermitian systems, in which waves leaking out-

side the box are included, as well as the carpets inside. One such description would be in
terms of multiple re"ections and transmissions.

• Analysing different speci!c full Hermitian models, with the aim of estimating the error in
nonhermitian models for waves inside the box.

• Devising more sophisticated asymptotics of integrals such as (4.4) and (4.6), to get more
accurate approximations incorporating the saddle, the poles and the rotated contour for
different regimes of t and x (inside and outside).
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Appendix A. Exactly solvable model for decaying superpositions of
exponentially growing plane waves

Here I consider not waves initially con!ned in a box but waves initially con!ned to x < 0 and
incident on, and transmitted beyond, a single wall at x = 0. The wall is modelled as a refractive-
index discontinuity, separating x < 0, where the refractive index is unity, from x > 0 where the
refractive index µ is constant and independent of energy. For waves incident from x < 0, the
familiar transmission and re"ection amplitudes are

T(µ) =
2

1 + µ
, R(µ) =

1 " µ

1 + µ
. (A.1)

In terms of the superposition

f (x, t) =
1

2$

$

C
dk f (k) exp

"
ikx " ik2t

#
, (A.2)

in which the contour C is initially the real k axis, a pulse incident from x < 0 and evolving
according to the time-dependent Schrödinger equation is, exactly,

!(x, t) =

+
,-

,.

T(µ) f (µx, t) (x " 0)

f (x, t) + R(µ) f ("x, t) (x ! 0).
(A.3)

The Fourier transform f (k) should be chosen so that the initial state !(x, 0) is non-zero
only for x < 0. This implies that f (k) is analytic in the upper half-plane Im k > 0. A simple
model is

f (k) =
i

k + i
) f (x, 0) = exp(x)!("x), (A.4)

in which ! denotes the unit step. The integral (A.2) converges conditionally, but it can be
made to converge absolutely by rotating the contour negatively, for example by "$/4 so that
for x > 0 the time factor is exp("|k|2t). This factor dominates the exponentially growing plane
waves that are the origin of the dif!culty, whose strength is |exp(iµkx)| = exp(+µ|k|x/

$
2).

Standard formulas enable the integral to be evaluated exactly in terms of the complementary
error function [25], with the result

f (x, t) =
1
2

exp(x + it) erfc
'$

it +
x

2
$

it

(
, (A.5)

from which (A.3) gives the evolving state.
Figure 8 shows the evolving state at two different times. It is clear that the wave decays for

increasing x, even though the constituent plane waves grow. This can be understood from the
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Figure 8. Evolving wave |!(x, t)| initially localised in x < 0, encountering a refractive
index µ = 2 where x > 0, for (a) t = 0.1 and (b) t = 0.4. The red curves are the exact
solution (A.3) and (A.5); the dash–dot curve in (a) is the initial state exp(x) ! ("x), and
the dashed curve in (a) shows the asymptotics (A.6) and (A.7).

Figure 9. Evolving wave |!(0, t)| at the refractive-index discontinuity x = 0, for µ = 2;
full curve: exact, from (A.5); dashed curve: the asymptotic approximation (A.8).

x ( 0 asymptotics of (A.3), and the integral (A.2), which is dominated by the stationary-phase
(saddle) point of the exponential, at k = x/2t, giving the approximation

x ( 0 : !(x, t) & T(µ)

0
it
$

exp
'

i(µx)2

4t

('
1
µx

" 2it
(µx)2

(
, (A.6)

showing that |!| decays as 1/x, despite the exponential growth of the individual plane waves
in the integrand with rotated contour. The saddle point also contributes for x ' 0, with an
additional contribution from the pole at k = "i as the contour is rotated to steepest-descent
through the saddle (now with Re k < 0), giving the approximation

x ' 0 : !(x, t) & exp(it + x) + exp
'

ix2

4t

(
1
x

0
it
$

'
2 " T(µ)

'
1 +

2it
x

((
. (A.7)

The state also gets weaker as t increases and probability leaks across the discontinuity. At
the discontinuity x = 0 itself, stationary-phase asymptotics gives the long-time approximation

t ( 0 : !(0, t) & T(µ)
2
$

i$t
, (A.8)

whose accuracy as t increases is indicated in !gure 9.
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Appendix B. Orthogonality of continuum eigenmodes: derivation of (4.2)
and (4.3)

The overlap integral of the modes (4.1) is
$ #

0
dx u(x, k1)u(x, k2) = u0(k1, k2) + Au1(k1, k2) + A2u2(k1, k2), (B.1)

in which

u0(k1, k2) =

$ #

0
dx cos(k1x) cos(k2x), (B.2)

u1(k1, k2) =

$ #

1
dx

'
cos(k1x)

k2
cos(k2) sin(k2(x " 1))

+
cos(k2x)

k1
cos(k1) sin(k1(x " 1))

(
(B.3)

and

u2(k1, k2) =
cos k1 cos k2

k1k2

$ #

0
dx sin(k1x) sin(k2x). (B.4)

I consider the three contributions separately, making frequent use of the fact that all k
are positive, so terms of the form "(k1 + k2) are zero. For u0, the cosines are combined
into a sum of cosines involving k1 " k2 and k1 + k2, whose integrals can be evaluated
using

$ #

0
dx cos(qx) = $"(q). (B.5)

Thus

u0(k1, k2) =
1
2
$"(k1 " k2). (B.6)

For u1, a similar analysis applies, which also involves the integral
$ #

0
dx cos(k1x) sin(k2x) =

k2

k2
2 " k2

1
. (B.7)

This appears to violate orthogonality, but there are two contributions of this type, which cancel,
leaving

u1(k1, k2) = "1
2
$"(k1 " k2)

sin(2k1)
k1

. (B.8)

Finally, u2 involves straightforward integrals of the type (B.5), giving

u2(k1, k2) =
1
2
$

cos2 k1"(k1 " k2)
k2

1
. (B.9)

Combining these contributions gives (4.2) and (4.3).
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